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Abstract 

We obtain the Plancherel decomposition for a reductive symmetric 
space in the sense of representation theory. Our starting point is the 
Plancherel formula for spherical Schwartz functions, obtained in part I. 
The formula for Schwartz functions involves Eisenstein integrals obtained 
by a residual calculus. In the present paper we identify these integrals as 
matrix coefficients of the generalized principal series. 
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1 Introduction 



In this paper we establish the Plancherel decomposition for a reductive sym- 
metric space X = G/H, in the sense of representation theory. Here G is a real 
reductive group of Harish-Chandra's class and H is an open subgroup of the 
group G a of fixed points for an involution a of G. This paper is a continuation 
of the paper m the sense that we derive the Plancherel decomposition from 
its main result |12|.Thm. 23.1, the Plancherel formula for the space C(X: t) of 
r-spherical Schwartz functions on X. Here (t, V T ) is a finite dimensional unitary 
representation of K, a er-stable maximal compact subgroup of G. At the end 
of the paper, we make a detailed comparison of our results with those of P. 
Delorme |21| . 

The results of this paper were found and announced in the fall of 1995, when 
both authors were visitors of the Mittag-Leffler Institute in Djursholm, Sweden. 
At the same time Delorme announced a proof of the Plancherel theorem. For 
more historical comments, we refer the reader to the introduction of |12|. 

Before giving a detailed outline of the results of this paper, we shall first give 
some background and describe the main result of which serves as the basis 
for this paper. The space X carries an invariant measure dx; accordingly the 
regular representation L of G in L 2 (X) is unitary. The Plancherel decomposition 
amounts to an explicit decomposition of I as a direct integral of irreducible 
unitary representations of G. These representations will turn out to be discrete 
series representations of X and generalized principal series representations of 
the form 

7T Q ,^=Indg(e®^Ol), (1.1) 

with Q = MqAqNq a u^-stable parabolic subgroup of G with the indicated 
Langlands decomposition, £ a discrete series representation of the symmetric 
space Xq: = Mq/Mq n H, and v a unitary character of Aq/Aq n H. To keep 
the exposition simple, we assume here, and in the rest of the introduction, that 
the number of open iJ-orbits on Q\G is one. In general, there are finitely many 
open orbits, parametrized by a set ®W of representatives, and then £ should 
be taken from the discrete series of the spaces Xq ; „: = Mq/Mq n vHv^ 1 , for 
v 6 Q W. 

Let 9 be the Cartan involution associated with K; it commutes with a. Let 
a q be a maximal abelian subspace of the intersection of the —1 eigenspaces 
for 9 and a in g, the Lie algebra of G. We denote by V a the collection of te- 
stable parabolic subgroups of G containing A q := expa q . For Q G V a we put 
a Qq : = a Q H a q . In |12| we defined a spherical Fourier transform Tq in terms of 
a so called normalized Eisenstein integral 

E°{Q: v)=E° T {Q; v). 

The Eisenstein integral is a D(X)-finite and 1 <£> r-spherical function in C°°(X) ® 
Hom(y^2,Q, It), depending meromorphically on the parameter v S ciQ qc - Here 
^2,q = Ai,q{t) is defined as the space of Schwartz functions Xq — * V T that 
are tq:— t\kc\M q -spherical and behave finitely under the algebra D(Xq) of 



2 



invariant differential operators on Xq. The space A 2 ,q is finite dimensional, 
and inherits the Hilbert structure from the bigger space L 2 (Xq : tq). Without 
the simplifying assumption, A 2 .q is defined as a finite direct sum of similar 
function spaces for Xq^, as v £ ^W. 

Let Po be a fixed minimal element of P a . Then the Eisenstein integral 
E°(Po: A) is essentially obtained as a (sum of) matrix coefficient (s) of a in- 
finite vector with an ii-fixed distribution vector of a er-minimal principal series 
representation of the form with Q = Po, see 0] and [7|. 

In contrast, for non-minimal Q £ V a the Eisenstein integral E°(Q: v) is 
obtained from E°(P n : A) by means of a residual calculus in the variable A £ a*„, 
see (T2|, Eqn. (8.7) and Lemmas 13.16 and 13.10. In particular, for such Q it is 
a priori not clear that the normalized Eisenstein integral E° (Q : v) is a matrix 
coefficient of the generalized principal series representation (|l.lfl . 

In terms of the Eisenstein integral, the spherical Fourier transform is defined 
by the formula 

T Q f{v) = f E°{Q:-D:x)*f{x)dx£A 2 , Q , 
Jx 

for / £ C(X : r) and v £ i&Qq, see |12|. § 19. The star indicates that the 
adjoint of an endomorphism in Hom(.42,Q, V T ) is taken. The transform Tq is a 
continuous linear map from C(X : r) into the space 5(«0g q ) ® A 2 ^q of Euclidean 
Schwartz functions on i&Q q with values in the finite dimensional Hilbert space 
A 2i q. The wave packet transform Jq is defined as the adjoint of the Fourier 
transform with respect to the natural L 2 -type inner products on the spaces 
involved; see § 20. It is a continuous linear map S(iaQ q ) ®A 2 ,q — > C(X : r), 
given by the formula 

jQip(x) — / E°(Q: v: x) <p(v) dv, 

for (p £ S(idQ q ) ® A 2 ,q and x £ X. Here g?^ is Lebesgue measure on iaQ q , 
suitably normalized. 

Two parabolic subgroups P. Q £ V a are called associated if their (T-split 
components <Xp q and aQ q are conjugate under the Weyl group W of the root 
system of a q in g. The notion of associatedness defines an equivalence relation 
~ on V a . Let P CT be a choice of representatives in V a for the classes in V a / ~ ■ 
Then the Plancherel formula for functions in C(X: t) takes the form 

/ = i W : W Q\ JQ^Qf' (/ e C ( X : r ))' 

with H^q the normalizer in W of aQ q . The operator [W : Wq]JqTq is a continu- 
ous projection operator onto a closed subspace Cq(X : r) of C(X : r). Moreover, 

C(X:r)=e Qe p„ Cq(X:t), 
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1/2 

with orthogonal summands. It follows from the above that [W : Wq] 1 Tq 
extends to a partial isometry from L 2 (X: r) to L 2 (iOg q ) ® Ai,q- Its adjoint 

1/2 

extends [W : Wq] Jq to a partial isometry in the opposite direction. 

In the present paper, we build the Plancherel decomposition for (L, L 2 (X)) 
from the above results for all r. For this it is crucial to relate the Eisenstein 
integral E°(Q : v) to the generalized principal series representations ttq ^ _ v . 

In Delorme has defined a normalized Eisenstein integral y E°(Q : v) es- 
sentially as a matrix coefficient of the generalized principal series. One way 
to establish the wanted relationship of E° (Q : v) with the generalized principal 
series would thus be to prove the following identity of meromorphic functions 
in the variable v £ ag qc : 

E°{Q:v)="E°{Q:-v). (1.2) 

In view of the vanishing theorem of the Eisenstein integral E°(Q : v) can 
be uniquely characterized in terms of its annihilating ideal in D(X) and its 
asymptotic behavior towards infinity on X; see ^2Ji Def. 13.7 and Prop. 13.6. 
The identity i|1.2fl would follow if not only the Eisenstein integral on the left- 
hand side but also the Eisenstein integral on the right-hand side satisfied these 
characterizing conditions. For the latter to be true one needs that, for -0 G -^2,q, 
the family 'E°(Q: f):v h-> x E°(Q: -v)i/j belongs to the space £q YP (X: t) of 
\l'2\ . Prop. 13.6. For this in turn, the full set of exponents of y E°(Q : ip) in its 
asymptotic expansion along Pq must be of a certain form; see |12j . Def. 6.3. 
We have not been able to deduce this type of information from Delorme's work. 
Nevertheless, by following a different strategy we have been able to establish 
l|1.2fl . but only at the end of the paper, in Corollary 11.21, after a relation of 
our Eisenstein integrals with the principal series has been established. 

More precisely, the mentioned characterization of the Eisenstein integral 
E°(Q : v) is used to construct certain embeddings of (g, if)-modulcs 

7r QA _„->(L,C °(X)). (1.3) 

The existence of these embeddings, on the level of (g, if)-modules, is sufficient 
to establish the Plancherel decomposition in the sense of representation theory, 
Theorem ll0.9l Further details will be given at a later stage in this introduction. 

At the end of the paper we invoke the automatic continuity theorem, The- 
orem due to W. Casselman and N.R. Wallach, see ^B] and [21], to show 
that the embedding (|1.3|) extends to a G-homomorphism. This implies that our 
Eisenstein integrals are essentially generalized matrix coefficients of if -finite and 
-ff-fixed distribution vectors of principal series representations. From this infor- 
mation combined with results of JH], the identity 1)1. 2JI can then be established. 

After this motivation, we shall now give an outline of the paper, in particular 
describing how the Eisenstein integrals give rise to the embeddings l|l. 3fl . 

In Section [3] we show that the discrete part £^(X: t) of L 2 (X: t) is finite 
dimensional. This fact can be derived from the description of the discrete series 
by T. Oshima and T. Matsuki in |26j . We show that it can be obtained from 
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|P2) and weaker information on the discrete series, also due to [201) namely the 
rank condition and the fact that the U)(X)-characters of £^(X) are real and 
regular. The mentioned result implies that the parameter space A2,q(t) of the 
Eisenstein integral equals L 2 (Xq : tq). Accordingly, it may be decomposed in 
an orthogonal finite dimensional sum of isotypical subspaces A.2.q(t)^, where 
£ G Xg ds , the collection of discrete series for Xq . 

In Section 0] we explain the connection of the Eisenstein integrals with the 
principal series. Let if be the unitary dual of if, i.e., the collection of equivalence 
classes of irreducible unitary representations of if If V is a locally convex space 
equipped with a continuous representation of if, then by Vk we denote the 
subspace of if- finite vectors; for i9 C if a finite subset we denote by Vg the 
subspace of Vk consisting of vectors whose if -types belong to i9. Let $ C if be 
a finite subset. We define to be the space of continuous functions if — > C 
that are left if -finite with types contained in the set Moreover, we define 
Tg to be the restriction of the right regular representation of if to V#. Let 
5 e : — > C be evalutation in e. Then i* 1 i— > 5 e o F is a natural isomorphism from 
L 2 (X : t&) onto L 2 (X)#. Its inverse, called sphericalization, is denoted by 

For £ G Xq ds , we denote by V(£) the space of continuous linear Mq- 
equivariant maps Ti.£ — ► £ 2 (Xq). This space is a finite dimensional Hilbert space. 
We denote by L 2 (if : £) the space of the induced representation Indj£ nM (£| KnM Q )• 
It is well known that the induced representation l|l.I|) may be realized as a in- 
dependent representation in L 2 (K : £), which we shall denote by t^q,^,v as well; 
this is the so-called compact picture of (ll.lfl . 

If C if is a finite subset, there is a natural isometry from V(^)®L 2 (K : £),$ 
into -4.2,q(t,j), denoted T i— > V't- We show in Section 0] that we may use the 
Eisenstein integrals to define a map Jq,£,u- V(£) ® L 2 (K : — > C°°(X)x by 
the formula 

J Q ^(T)(x) = 5 e [£|(Q : * : *)V>t]. (1.4) 

Here $ c if is any finite subset such that T G V'(£)(g)C o0 (if : and £^ denotes 
the Eisenstein integral with t = t§. The map Jq^,v is a priori well-defined for ^ 
in the complement of the union of a certain set Tt(Q, £) of hyperplanes in ag qc . 
This unio is disjoint from i&Q q - 

The main result of the section is Theorem 14.61 It asserts that 7Y(Q,£) is 
locally finite and that, for v in the complement of UW(Q,£), the map Jq^,i/ 
is ({j, if )-equivariant for the infinitesimal representations associated with 1 ® 
ttq,^-!/ and L. The proof of this result is given in the next two sections. In 
the first of these we prepare for the proof by showing that kq,£,is is finitely 
generated, with local uniformity in the parameter i/, see Proposition 15. II This 
result is needed for the proof of the local finiteness of H(Q, £). 

In Section the (g, if )-equivariance of the map Jq£, v is established. The 
if-equivariance readily follows from the definitions. For the g-equivariance 
it is necessary to compute derivatives of the Eisenstein integral of the form 
LxE°(Q: v)ip, for ip G A2,q(t) and X G g. The computation is achieved by 
introducing a meromorphic family of spherical functions F: (Xq c X X — ► flj (8) V T 
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by the formula 

F u (x)(Z) = L z [E°(Q:v: -)^}(x), 

for v G ttQ qc , % £ X and Z 6 g c . The function i 7 ^ is r-spherical, with f: = 
Adjf <S> r and Adif : = Ad|#-. It has the same annihilating ideal in D(X) as the 
Eisenstein integral E°(Q : Moreover, its asymptotic behavior on X can be 
expressed in terms of that of E°(Q : v). By the mentioned characterization of 
Eisenstein integrals this enables us to show that F v equals an Eisenstein integral 
of the form E~(Q : v)dq{v)^}, with Bq{v) an explicitly given differential operator 
•A.2,q(t) — > A2,q(t), see Theorem 16.121 The g-equivariance of Jq,£,l> is then 
obtained by computing the action of Bq(v) on ipT, for T e V(£) ® C°°(K : £).#; 
see Lemma fS. Inl and Proposition ^. 151 At the end of the section we complete the 
proof of Theorem 14. 61 bv establishing the local fmiteness of TC(Q, £), combining 
the results of Sections |S] and El see Proposition l6.16l 

In Section [3 we define a Fourier transform / i— > f(Q: £: v) from C£°(K)k 
to V(£) <8> L 2 (K : Z)k by transposition of the map Jq^ } -p. It is given by the 
formula 

(f(Q:t:v)\T)= [ f(x)J Q ^(T)(x) dx 

and intertwines the (9, -fQ-module of L with that of 1® irQ,t,-v In view of l|1.4(l . 
the transform / 1— > / is related to the spherical Fourier transform by the formula 

(f(Q ■ Ziv) I T) = (F Q (&f)(v) I Vt), (1-5) 

for / e C~P0*- 

The established relation l|1.5|) combined with the spherical Plancherel for- 
mula implies that the Fourier transform / 1— > f(Q : £ : v) defines an isometry 
from £ 2 (X) into the direct integral 

7r= E E [ W:W 0]/ l®7r Q , e ,_„dl/, (1.6) 

realized in a Hilbert space £ 2 . The continuous parts of this direct integral are 
studied in Section [3] In Section |5| it is first shown, in Theorem 19.51 that the 
Fourier transform / 1— ► / extends to an isometry ^ from L 2 (K) into £ 2 . More- 
over, its restriction to C£°(X)k is a (g, if)-module map into £ 2 °°. By an argu- 
ment involving continuity and density, it is then shown that ^ is G-equivariant, 
see Theorem 19.61 At this stage we have established that # maps the regular 
representation L isometrically into a direct integral decomposition. For this to 
give the Plancherel decomposition, we need to show that the image of J is a 
direct integral with representations that are irreducible and mutually inequiva- 
lent outside a set of Plancherel measure zero. This is done in Lemma 110.51 and 
Proposition ll0.8l In the process we use results of F. Bruhat and Harish-Chandra 
on irrcducibility and equivalence of unitarily parabolically induced representa- 
tions, see Theorem 110.71 The Plancherel theorem is formulated in Theorem 
110.91 Finally, in Thcorcm llO.lll a precise description of the image of ^ is given. 
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At this point it is still not clear that our description of the Plancherel de- 
composition uses the same parametrizations as the one in Delorme's paper |21| . 
It is the object of the last section to show that this is indeed the case. As said, 
a key idea is to use the automatic continuity theorem, Theorem 111.11 due to 
Casselman and Wallach, see JS] an( i 122 • It implies that the map Jq£, v has a 
continuous linear extension, hence can be realized by taking the matrix coeffi- 
cient with an H- fixed distribution vector of Indg(£ (g> v (g> 1). By means of the 
description of such vectors in |16| . combined with an asymptotic analysis, it is 
shown that our Eisenstein integral is related to Delorme's by the identity l|1.2|) . 
see Corollary ITT~2H 

Finally, the constants [W: Wq] occurring in our formula (|1.6[) differ from 
those in the similar formula of Dclormc. This is due to different choices of 
normalizations of measures, as is explained in the final part of the paper. 

2 Notation and preliminaries 

Throughout this paper, we use all notation and preliminaries from |12| . Sect. 2. 
In particular, G is a group of Harish-Chandra's class, a an involution of G and 
H an open subgroup of G" 7 , the group of fixed points for a. The associated 
reductive symmetric space is denoted by 

X = G/H. 

All occurring measures will be normalized according to the conventions de- 
scribed in J2L en d of Section 5. 

Apart from the references just given, we shall give precise references to ^21 
for additional notation, definitions and results. 

3 A property of the discrete series 

In this section we discuss an important result on the discrete part of L 2 (X), 
which is a consequence of the classification of the discrete series by T. Oshima 
and T. Matsuki in 26 . In our approach to the Plancherel formula via the 
residue calculus, we obtain it as a consequence of the rank condition and the 
regularity of the infinitesimal character, also due to (22|, see [T5], Rem. 16.2. 

In the rest of this section we assume that (t,V t ) is a finite dimensional 
unitary representation of K. A function /: X — * V T is called r-spherical if 
f(kx) = r(k)f(x), for all x £ X and k 6 K. The Hilbert space of square inte- 
grable r-spherical functions is denoted by L 2 (X: r). Its discrete part, denoted 
L^(X: r) is defined as in § 12- The Frechet space of r-spherical Schwartz 
functions, denoted C(X: r), is defined as in Eqn. (12.1). The subspace of 
D(X)-finite functions in C(X: r) is denoted by ^(X: r). 

Proposition 3.1 Let (r, V T ) be a finite dimensional unitary representation of 
K. Then 

L 2 (X:r) = A(X:r). (3.1) 
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Moreover, each of the spaces above is finite dimensional. 

Proof: By the reasoning at the end of the proof of Lemma 12.6 in J2| it follows 
that the space on the right-hand side of l|3.1|) is contained in the space on the 
left-hand side. If the center of G is not compact modulo H, then it follows from 
|26| . see ^2]; Thm. 16.1, that X has no discrete series. Hence, L 2 (X) = and 
we obtain l|3.1|) . 

On the other hand, if G has a compact center modulo H the result is part 
of [T2], Lemma 12.6. □ 

If (£, Hf) is an irreducible unitary representation of G, let Hoiiig(^, L 2 (X)) 
denote the space of G-equivariant continuous linear maps from into L 2 (X). 
This space is non-trivial if and only if (the class of) £ belongs to X^ s , the 
collection of equivalence classes of discrete series representations of X. If £ £ X^ s , 
then the mentioned space is finite dimensional, by the finite multiplicity of the 
discrete series, see pp, Thm. 3.1. 

For any irreducible unitary representation £, the canonical map from the 
tensor product Hom G (7^, L 2 (X)) ® H ( to L 2 (X) is an embedding, which is G- 
equivariant for the representations 1 <8> £ and L, respectively. We denote its 
image by L 2 (X)^ and equip the space Homa(7i^, L 2 (X)) with the unique inner 
product that turns the mentioned embedding into an isometric G-equivariant 
isomorphism 

m ( : Rom G (H ( ,L 2 (X))®H ( i 2 (X) e . (3.2) 

Obviously the space on the right-hand side of 13.2fl depends on £ through its 
class [£], and will therefore also be indicated with index [£] in place of £. 
With the notation just introduced, it follows that 

L 2 d {*) = ©„ G x^ 2 (X) w , (3.3) 

with orthogonal summands. Here and elsewhere, the hat over the summation 
symbol indicates that the closure of the algebraic direct sum is taken. 

If u> is an equivalence class of an irreducible unitary representation of G, we 
write L 2 (X: r) w : = L 2 (X: r) n [L 2 (X) W ® V T ]. It is readily seen that this space 
is non-trivial if and only if lu belongs to X^ s and has a if -type in common with 
the contragredient of r. The collection of uj with this property is denoted by 
X d A s (r). 

Lemma 3.2 The collection Xj (r) is finite. Moreover, 

Lj(X : r) = 9 u£X a s(t) L 2 (X : T ) u , (3.4) 

where the direct sum is orthogonal and all the summands are finite dimensional. 

Proof: That the direct sum decomposition is orthogonal and has closure 
L^(X: t) follows from the similar properties of (|3.3|l . The space on the left- 
hand side of H3.4|) is finite dimensional, by Proposition l3.il Since all summands 
on the right-hand side are non-trivial, the collection parametrizing these sum- 
mands is finite. □ 
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Remark 3.3 It follows from Proposition ^, ll that the spaces L 2 (X : t) u , for oj G 
X^ s , are contained in Aa(X: r); we therefore also denote them by .42 (X: t) u . 
Note that L 2 (X: r) w = for w an irreducible unitary representation of G that 
does not belong to X^ s . Accordingly, we put .42 (X : r) w = for such w. In view 
of what has been said, the decomposition i|3.4fl may be rewritten as 

A 2 (X: r) = e weX A (T ) -4 2 (X: T ) u . (3.5) 

Let C(K)k denote the space of right if -finite continous functions on if. If 
d is a hnite subset of if, the unitary dual of if, then by C{K)$ we denote the 
subspace of C(K)k consisting of functions with right if -types contained in the 
set i?. If 5 6 if, then <5 V denotes the contragredient representation. Accordingly, 
we put z? v : = {<5 V | 5 € i?}. We define 

V^=C{K)^ (3.6) 

and equip this space with the restriction of the right regular representation 
of if; this restriction is denoted by t$. We endow V# with the L 2 (if)-inner 
product defined by means of normalized Haar measure. By S e we denote the 
map Y.g — > C, if i— » v(e). 

Lemma 3.4 Let E be a complete locally convex space equipped with a contin- 
uous representation of if. Then the map I ® S e restricts to a topological linear 
isomorphism from (E ® V^)^ onto E$. If E is equipped with a continuous 
pre-Hilbert structure for which if acts unitarily, then the isomorphism is an 
isometry. In particular, this yields natural isometries 

L 2 (X: r„) ~ L 2 (X)„, C C °°(X: r*) ~ C C °°(X)^, 

where the last two spaces are equipped with the inner products inherited from the 
first two spaces. 

Proof: This is well known and easy to prove. □ 

The inverse of the isomorphism I ® S e will be denoted by <^ = see [7], 
text before Lemma 5, for similar notation. Given a finite subset & C if we shall 
write Xj a (i?) for X^ s (r^), the set of discrete series representations that have a 
if -type contained in <&. The following result is now an immediate consequence 
of Lemma 13.21 

Corollary 3.5 Let i? C if be a finite set of if -types. Then X^ s ($) is a finite 
set. 

We end this section with two simple relations between and , for finite 
subsets i?, §' C if with $ C Let £ be a complete locally convex space 
equipped with a continuous representation of if. We denote by i#> t $: E§ — > E$/ 
the natural inclusion map and by P^^i : E&> — > E$ the if -equivariant projection 
map. Likewise, the inclusion map V$ — * V#/ and the if -equivariant projection 
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V,j' — ► (relative to t$i,t$) are denoted by and P#,#', respectively. By 
TC-equivariance, the maps 7 ® i^'^ and 7 (8) Pj,^' induce maps 

J<8>i*,*: (S®V^) R " -» (£®V*/)* I®P#,v>: {E®Vi),) K -> (P®Vtf) x . 

Lemma 3.6 Let notation be as above. Then 

<r#' o (7 eg) itf/^) = i^/^ o^, <r,j o (7 <£> P^^') = P,9,#' o^/. 

Proof: The first identity is immediate from the definitions. The second identity 
follows from the first by using that the maps Pj,,j< : E& — > E$ and P#,#' : V#/ — > 
V,5 may both be characterized by the identities Pj.^' o i$i t § = I and P#rfi o i^>.^>\^ 
0. □ 



4 Eisenstein integrals and induced representa- 
tions 

Let Q £ V a - We denote by Xq # ds the collection of equivalence classes of unitary 
irreducible representations £ G A7q such that £ is a discrete series representation 
of XQ )t) , for some u 6 A^Og). 

In this section we describe the relation of the normalized Eisenstein integral 
E°(Q : v) with the induced representations Indg(^(g)^(8)l), where v € Og qc and 
£ G Xq # ds . In the rest of this section we assume £ G Xq „ ds to be fixed. 

Let C ATr- (a q ) be a choice of representatives for Wq\W/Wkc\Hi see [T2*] . 
text after Eqn. (2.2). For i> £ ^W, we equip Xq^ with the left MQ-invariant 
measure oIxq v , specified at the end of Section 5. Moreover, we define 
V{Q,£,v) = V{t,v)by 

v): = Hom MQ {H t , L 2 (X Q , V )). (4.1) 

As mentioned in Section |3 this space is finite dimensional. In accordance with 
the mentioned section, we equip it with the unique inner product that turns the 
natural map 

m tv : V(t;,v)®H ( I 2 (X Q ,„) 6 (4.2) 

into an isometric Mq -equi variant isomorphism. Wc define the formal direct 
sums 

V(0--=®v & Qw V(£,v), iQ, e : = ffi„ e Q W L 2 (X Q , V ) 6 (4.3) 

and equip them with the direct sum inner products. The first of these direct 
sums will also be denoted by V{Q,^). The second of these direct sums is a 
unitary A7Q-module. The direct sum of the maps m^ tV as v ranges over ®W is 
an isometric isomorphism 

m C . V(0®Hs L 2 QA (4.4) 

that intertwines the natural A7Q-representations. 
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Remark 4.1 If Q is minimal, then Xq t ds coincides with the set M ps , defined 
in p. 368. Moreover, ®W = W is a choice of representatives for W/Wkhh 
in A^(a q ). If i; € W, and 77 G Hf nvHv ~\ then the map j J( :^ -> L 2 {M/M n 
vHv^ 1 ), defined by j t? (w)(m) = (v | £(771)77)}, is an M-equivariant map. More- 
over, 77 1— > defines an anti-linear map from V(£,t>) onto Hom A /(W f , L 2 (M/Mn 
vHv^ 1 )). This gives an identification of V(£, v) with V(£, v). We recall from [3], 
p. 378, that we equipped V(£, v) — j{^' InvHv with the restriction of the in- 
ner product from Ti.^. By the Schur orthogonality relations this implies that 
the inner product on V(£, v) coincides with dim(£) times the inner product on 
V(£,v). Let V{£) be d efined as in [3], Eqn. (5.1). Then V(g) ~ V(g) and the 
inner product on V(£) coincides with dim(£) times the inner product on V(£). 

For v £ flQ qc , let L 2 {Q: £: v) denote the space of measurable functions 
G — + 7^£, transforming according to the rule 

ip(manx) = a v+PQ £(m) (f(x), (x £ G, (m, a, n) £ Mq x Aq x Nq), 

and satisfying J x ||y(fc)||| dk < 00. As usual we identify measurable functions 
that are equal almost everywhere. The space L 2 (Q : £ : v) is a Hilbert space for 
the inner product given by 

{<p\1>) - / (¥>(*) I (4.5) 

The restriction of the right regular representation of G to this space is denoted 
by Indg(£ ® v ® 1), or more briefly by ttq,^,^ = 7r^ 

Let C°°(Q : £ : z/) denote the subspace oi L 2 (Q : £ : v) consisting of functions 
that are smooth G — > This subspace is G-invariant; the associated G- 

representation in it is continuous for the usual Frechet topology. 

Remark 4.2 It follows from [T3], § III.7, that the Frechet G-module C°°(Q : £ : v) 
equals the G-module of smooth vectors for the representation itq,£,v, equipped 
with its natural Frechet topology. 

It will be convenient to work with the compact picture of the induced rep- 
resentation 7T£.„. Let L 2 (K : £) denote the space of square integrable functions 
if: K — > H.£ that transform according to the rule 

tp(mk) = £(m)<p(k), (k £ K,m £ Kq). (4.6) 

Multiplication induces a diffcomorphism Q Xjf Q K ~ G. Hence, restriction 
to K induces an isometry from L 2 (Q : £: v) onto L 2 (K : £). This isometry re- 
stricts to a topological linear isomorphism from G°° (Q : £ : z/) onto the subspace 
C°°(K : £) of functions in L 2 (K : £) that are smooth if — > where the latter 
space is equipped with the usual Frechet topology. Via the isometric restric- 
tion map we transfer n^ jV to a G-representation in L 2 (K : £), also denoted by 
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Let (r, V T ) be a finite dimensional unitary representation of K. We define 

L 2 {K:£,:t):=[L 2 {K:£,)®V t ] k . (4.7) 

By finite dimensionality of r, the space in (|4.7II is finite dimensional and con- 
tained in C(K, U^) ® V T . 

Let ev e denote the evalutation map C(K,H^) — » Wg, <^ i— ► 92(e), and let 
ev e ® 7 denote the induced map L 2 (K : £ : r) -^TL^®V T . 

Lemma 4.3 

(a) The map ev e (£)I defines an isometric isomorphism from L 2 (K : £ : r) onto 
the space (H e <g> V t ) Kq . 

(b) TTie space L 2 {K:£:t) equals its subspace C°° {K : £ : r) : = [C 00 ^ : £) <g) 

Proof: Observe that L 2 (K: £) is the representation space for Ind^ Q (£|#: Q ). 
Hence (a) follows by Frobenius reciprocity. It is readily checked that ev e ®7 maps 
C°°{K: £: r) onto {Hf ® V t ) Kq ■ The latter space equals (H iKQ ® Vt) Kq = 
(7i 6 ® T/ r ) K «; hence (b) follows. □ 

Given T e V'^igiL 2 ^ : £ : t) we may now define the element ipT G Lq ^V t 

by 

V»t = [m 6 <8> 7] o [7 <8 ev e ® 7](T). 

We agree to denote the map ev e (g> 7: L 2 (K : t) — > (H^ ® V t ) Kq also by 
i— > </?( e )- With this notation, if T = r]<£)(p, with 77 e F(^) and (p e L 2 (7sT : £ : r), 
then 

^r.t, = [fh ® J]fo>(e)), 6 Q W). (4.8) 

We recall from Remark I3~3l applied to the space Xg.„ in place of X, for v £ Q W, 
that [L 2 (Xq, 1 ,)j <g) V r r ]' R ' Q — ^(Xq^ : tq)^, naturally and isometrically. The 
space 

■A 2 ,q(t) 6 : = e„ 6 Q W ^ 2 (Xq,„ : t q ) c (4.9) 

is a subspace of the space A2,q(t), defined in Eqn. (13.1), as the similar 
direct sum without the indices £ on the summands. It follows from the above 
discussion combined with i|4.3[l that summation over ®W naturally induces an 
isometric isomorphism 

{L 2 Q ^® V r) KQ -M,q{t)z, (4.10) 
via which we shall identify. 

Lemma 4.4 The map T 1— > ipx is an isometry from V(^) <8> L 2 (K : £ : t) onto 
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Proof: It follows from Lemma T4.3I that 

I®ev e ®I: V(0®L 2 (K:£:t) ^ V(0®[Ht®V T } K Q (4.11) 

is an isometric isomorphism. The map m^®I is an isomctry from V{^)®TL^®V T 
onto Lq £®V t , which intertwines the -KQ-actions 1 <£> £ | k q <8> tq and L\k q ®tq. 
Therefore, it induces an isometry between the subspaces of i^Q-invariants, which 
by (|4.1U|) is identified with an isometry 

m^I: F(0® [Hs®V T ] K Q A 2 ,q(t)^. (4.12) 

Since T i— > ^ is the composition of (|4.11|) with 14. 1211 . the result follows. □ 
It follows from Lemma f3. 41 that 

L 2 (K:£: t#)~L 2 (K: 

with an isometric isomorphism. The latter space is equal to C°°(K: £)$, in 
view of Lemmas 14.31 (b) and 13.41 Accordingly, the map T i— > ipr, defined for 
t = t$ , may naturally be viewed as an isometric isomorphism 

T^ip T , V(Q,Z)®C 00 (K:t)<, AqM?- ( 4 -!3) 

Moreover, it is given by the following formula, for T = r\ ® ip G V(Q,£) <g> 
C°°(A-:0*; 

pr„V T = »7„(cp(e)), (u £ Q W). 

We now come to the connection with the normalized Eisenstein integral 
E°(Q: v) = £ (Q: i/), defined as in 0, Def. 13.7. The Eisenstein inte- 
gral is meromorphic in the variable i/ 6 <*g qc , as a function with values in 
C°°(X) <g> Hom(.A 2 ,Q, V T ). If "0 G -A2.Q, we agree to write E°(Q: tp:v: ■) = 
E°(Q :v: -)ip. Then E°(Q: f i/) 6 C°°(X: r), for generic v G o^ qc . 

We need a 'functorial' property of the normalized Eisenstein integral that we 
shall now describe. Let (r', V T >) be a second finite dimensional unitary represen- 
tation of K, and let S: V T — * V T > be a if-equivariant linear map. Then via action 
on the last tensor component, S naturally induces linear maps C°°(K : £ : r) — > 
C°°(i4r: ^: t'), Aq( t )? -> AqC 7 "')* and C°°(X: r) -> C°°(X: t') that we all 
denote by I ® S. 

Lemma 4.5 Let S: V T — > V^-' &e a K-equivariant map as above. 

(a) Let T G V"(£) ® C°°(K : £ : r). Tften V[/®/®s]t = [* ® S]Vt- 

(b) Let -0 G -42,q(t). Then 

[I®S}E°(Q:tp: u) = E°,(Q: [I®S]i>: v), 
as a meromorphic C°°(X: r)-valued identity in the variable v G Oq c . 



13 



Proof: (a) is a straightforward consequence of the definitions. Assertion (b) 
follows from the characterization of the Eisenstein integral in ^5|> Def. 13.7. 
More precisely, it follows from the mentioned definition and ^2]; Prop. 13.6 
(a), that the family / = E°{Q: ip) belongs to £g yp (X: r). See [12, Def. 6.6, 
for the definition of the latter space. Moreover, still by Prop. 13.6, for 
v in a non-empty open subset f2 of ag qc , each v G Q W and all X G dQ q and 
m G Xq, v ^ + , 

1u- pq {Q,v\ f„,X,m) = ip v (m). (4.14) 

It readily follows from the definitions that g:(y,x) \— > S{f(v,x)) belongs to 
fg yp (X: t'); moreover, l|4.14[) implies that 

q»~ PQ (Q,v | g v ,X,m) = S(ip v (m)) = [prJJ <g> S]ip](m), 

for all v G fi, each u G ^W, and all X G ag q and to G Xq iIJ + . In view of |12| . 
Def. 13.7 and Prop. 13.6 (a), this implies that g = E°(Q : [J® S]tp). □ 

If 1? C K is a finite subset and ■0 S ./b.Q^), we denote the associated nor- 
malized Eisenstein integral E°^ (Q : ip: v) also by E$(Q : ip: v). This Eisenstein 
integral is a smooth -spherical function, depending meromorphically on the 
parameter v G dg qc . 

Lemma 14.51 implies an obvious relation between the Eisenstein integrals 
E#(Q : ip: v) for different subsets If •& C are finite subsets of K, then 
C V^/. The associated inclusion map is denoted by iw^; it intertwines t$ 
with r,5'. From Lemmas 13 . 61 and 14 . 51 ( a,) it follows that 

= [I®ivM^T, (TeV(0®C°°(K:$i>). (4.15) 

Moreover, from Lemma T4. 51 (b) it follows that 

E%,(Q:[I®i0j]il):v) = [I®i4. i 4]E%(Q:il>:v), (ip G A 2 ,q(t^)). (4.16) 

We have similar formulas for the if-equivariant projection operator P^^ 1 ■ V^/ — > 
V^. From Lemmas 13.61 and 14 . 51 it follows that 

1>[i®i9P,,*]T = [I®P*,*>]il>T, (TeV(Z)®C°°(K:Oo>), (4-17) 

and 

E#(Q: [I®E»,#]1>: v) = [I®Pw]E%,(Q: ip: u), {ip G A 2 ,q(t^)). (4.18) 

We recall from \T2\, § 4, that a S r (Q)-hyperplanes in Og qc is a hyperplane 
of the form (a ± ) c + £, with a G S r (Q) and £ G a Q qc - The hyperplane is said to 

be real if £ may be chosen from dg q . If $ C K is a finite subset, then by |12|. 
Prop. 13.14, there exists a locally finite collection Ti of real £ r (Q)-hyperplanes in 
a* Qqc such that for each T G V(£)® C<X ( K : 0<? thc function v ^ E°(Q : ip T : is) 
has a singular locus contained in UW. We denote by TL(Q : ^,d) the minimal 



14 



collection with this property. It follows from the definition just given that d C 
=> H(Q,£,tf) C H(Q, Let H{Q,£) denote the union of the collections 
H(Q, £, -d), as $ ranges over the collection of finite subsets of K. Then 

ia Qq n UW(Q,0=0, (4.19) 

by the regularity theorem for the normalized Eisenstein integral, see |12) . Thm. 18.8. 
For v e ciQ qc \ WH(Q, £), we define the linear map 

J Q ,tu = J*,*: V(0®C°°(K: Ok - C°°(X) K 

by 

Jte(T)(x) = E%(Q:iPT:v:x)(e), (x e X), (4.20) 

for $ C K a finite subset and T e F(0 (g> C°°(if : This definition is unam- 
biguous in view of (|4.15l) and (|4.16|) . 

Theorem 4.6 Let Q E V a and £ € Xq ds . The collection H(Q,£,) consists 
of real £ r (Q) -hyperplanes and is locally finite. Its union is disjoint from iaq q . 
Let v G ttQqe oe * n ^ e complement of this union. Then Jq,£,u is a (q,K)- 
intertwining map from V(£) ® C°°(K: £)if, equipped with the induced repre- 
sentation 1 (8> ttq^-v, to C°°(X)a', equipped with the (g, K)-module structure 
induced by the left regular representation of G in C°°(X). 

The proof of this theorem will be given in the next two sections. In Section [S] 
we investigate uniformity of generators for itQ£,v relative to the parameter v. In 
Section HJ] we shall investigate the effect of left differentiations on left spherical 
functions. 

5 Generators of induced representations 

In this section we show that that the parabolically induced representations, 
introduced in Section are generated by finitely many X-finite vectors, with 
local uniformity in the continuous induction parameter. 

Proposition 5.1 Let Q S V a and let £ be a unitary representation of Mq of 
finite length. Assume that fl C flg qc is a bounded subset. Then there exists a 

finite subset •& C K such that, for all v £ fi, 

WQ,SAU(B))C°°(K : £)<, = C°°{K : £) K . (5.1) 

Remark 5.2 In particular, the result holds for a = 9; then Q is an arbitrary 
parabolic subgroup of G and ag q equals its usual Langlands split component 
ag- 
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Proof: It suffices to prove the result for £ irreducible. We shall do this by a 
method given for £ tempered in [2Hj, § 5.5.5. Let 

= {v E a Qqc \ (Rev - p Q , a) > 0, VaeA r (Q).} 

Then for v E to we may define the standard intertwining operator A(v) — 
A(Q :Q:£:v) from C°°(Q : £ : v) to C°°(Q : £ : z/), by 

A(v)f(x) = f(nx)dn, (xeG), 
Jn q 

where cffz. denotes a choice of Haar measure on Nq. The integral is absolutely 
convergent; this follows by an argument that involves estimates completely anal- 
ogous to the ones given for Q minimal in [I], proof of Lemma 15.6. It also follows 
from these estimates that, for / 6 C°°(K: £), the function A(v)f eC°°(K: £) 
depends holomorphically on v E w. 

Lemma 5.3 Let f, g E C°° (K : £), is E lo and X G a£ q . TTiera 

lim e *(-^«)W(7r Q) ^(mexptX)/| 5 ) = (Z(m)[A(v) f]{e) \ g(e)} 6 . (5.2) 

i — >oo 

Proof: See H^, Lemma 10.5.1. □ 

Completion of the proof of Prop. 15.11 From (|5.2|) it can be deduced, by 
an argument due to Langlands [21], Lemma 3.13, see also Milicic [25], Proof of 
Thm. 1, that if / G C°°(Q : £ : v)k and A(v)f ^ 0, then / is a cyclic vector for 
7T£,„ in the sense that the (g, K )-module generated by / equals C°°(Q : £ : u)k- 
See also Cor. 10.5.2. We can now prove the result in the case that the 
closure of VL is contained in lo. Indeed, assume this to be the case and let vq G fi. 
Since / i— > A(vo)f(e) can be expressed as a convolution operator with non- 
trivial kernel, there exists a finite set ■& C K and a function / G C°°(K: 
such that A(i>o)f(e) ^ 0; by continuity in the parameter v there exists an open 
neighborhood loq of Vq in lo such that A(v)f(e) ^ for all v G loq. From what 
we said above, it follows that (|5.1|) holds for all v € coq. By compactness of the 
set f2, the result now readily follows in case f2 is contained in lo. 

We shall now use tensoring with a finite dimensional representation to extend 
the result to an arbitrary bounded subset SI C ttg qc . 

Let P G T™ in be such that P C Q. Let A Q (P): — {a £ A(P) | a| 0Qq = 0} 
and put A(Q) = A(P)\A Q (P). We fix n G N such that (Rev-p Q , a)/(a, a) > 
—8n for all v G and a G A(Q). We fix jU G a* with the property that 
(fi, a) /(a, a) equals 8n for all a G A(Q) and zero for all a G Aq(P). Then // + 
Qcw. Hence there exists a finite subset #' C K such that tt^^+ i _ 1 (U(q))C oc (K : = 
C°°(K : for all v EQ. 

It follows from the condition on p that (p , a)/ 2 (a, a) G 4Z for all a G A(P). 
Since S is a possibly non-reduced root system, this implies that (p , a) /2(a , a) G 
2Z for all a G E. According to 0|, Cor. 5.7 and Prop. 5.5, there exists a class 
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one finite dimensional irreducible G-module (F,ir) of A(P)-highest a q -weight /x; 
the highest weight space is one dimensional, and M a = Mp a acts trivially on 
it. Since Mq centralizes flQ q , it normalizes F^. By compactness it follows that 
(Kq) b acts trivially on F^. Since /i vanishes on *ciQ q = a q R ttiq, it follows that 
*^4q<j also acts trivially on F^. Finally, since Mq^- is generated by M ai {Kq) c 
and *AQ q , it follows that Mq ct acts by the identity on F^. 

Let e M e F M be a non-trivial highest weight vector. Then the map m: F* — > 
G°°(G) defined by m(w)(x) = v(ir(x~ 1 )e ll ) is readily seen to be an equivariant 
map from F* into C°°(Q : 1 : -^). The map M„: C°°(Q : £: u + (i) ® F* h-> 
C°°{Q ■ v) given by M^cp®?;) = m(v)ip is G-equi variant, for every G <*Q qc - 

Let G F* be a non-trivial F-fixed vector, then, since G = QF, the 
function to(vr-) is nowhere vanishing. From this we see that M v is surjec- 
tive, for every v € ag qc - It follows that the [/(g)-module generated by V v : = 

M U (C°°(Q : £ : v + ® F*) equals G°°(Q : £ : i/)*, for all v G Q. Let d C X 
be the collection of all if -types occurring in 8 (g> F* for some <5 £ Then $ is a 
finite set and V„ C C°°(Q : £ : v)#, for all v 6 dQ qc - Hence, <|5.1[) follows for all 
G fl ' 1 □ 



6 Differentiation of spherical functions 

In this section we assume (r, V T ) to be a finite dimensional unitary representation 
of K. We shall investigate the action of Lz, for Z G 0, on the Eisenstein integral 
E°(Q: v). Here L denotes the infinitesimal left regular representation. As a 
preparation, we shall first investigate the action of Lz on functions from the 
space G°°(X + : t), defined in |12j . § 6. Secondly, we shall investigate the action 
of Lz on families from £q YP (X: r), defined in [TJ], Def. 6.6. 

Given a function F G G°° (X + : r) , we define the function F: X + — *• g* <g> V T ~ 
Hom(g c , V T ) by 

FO)(Z) = L z F(x), (x G X_)_, Z G 0c)- 
One readily checks that 

F(Akb)(Z) = T(fc)F(x)(Ad(A;- 1 )Z), (x G X +! fc G K, Z G fl c ). 

Hence, F is a spherical function of its own right. In fact, let Ad K denote the 
restriction to K of the coadjoint representation of G in q* and put r: = Ad K ®r. 
Then 

F G G°°(X + : t). 

Our first objective is to show that if F has a certain converging expansion 
towards infinity along (Q, v), for Q G V a and w G Nk (ct q ), then F has a similar 
expansion, which can be computed in terms of that of F. As a preparation, we 
study sets consting of points of the form mav, where v G Nk (i q ), m G Mq ct 
and a — > oo in ^4q„. They describe regions of convergence for the expansions 
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involved, in the spirit of m, § 3. We will also describe decompositions of 
elements of g along such sets, in a fashion similar to 11 , § 4. These will be 
needed to compute the expansion of F. 

Let Q G V a . We define the function Rq :V : M\q — >] 0, oo [ as in ^J, Section 
3. Recall that Rq iV is left Kq- and right M\q R u if u -invariant; thus, it may 
be viewed as a function on Xiq^. If Q — G, then Rq, v equals the constant 
function 1 and if Q ^ G, then according to Lemma 3.2, it is given by 

Rq v {au) = max a~ a , 

aGS(Q) 

for a G A q and u G Ax Q (a q ). The inclusion map Mq —> M\q induces an 
embedding via which we may identify Xq„ with a sub MQ-manifold of Xiq^. 
From Lemma 3.2, we recall that Rq. v > 1 on Xq „. 

Lemma 6.1 Let v G Nk (a q ) and put Q' — v~ 1 Qv. Then 

R Q ^(m) = R Q ,^(v~ x mv), (m G M lQ ). 

Proof: This follows immediately from the characterization of Rq^ v given above. 

□ 

In accordance with |TT], Eqn. (3.7), we define, for v G AT^(a q ) and i? > 0, 

Mi Qil ,[i?]: = {m G M 1Q \ R Q , v {m) < R}, 

and Mq^ v [R]:= Mq„ R M 1Q ^[i2]. Note that Afi Qa [i?] and Mqct,i [R] equal the 
sets MiQ[i?] and Mqo- [R] , defined in text preceding Lemma 4.7, respec- 
tively. Finally, for R > we define 

A+ q (i?): ={a£ A Qq | a~ Q < R for all a G A r (Q)}. (6.1) 

Lemma 6.2 Let t> G Ax(a q ) and pwi Q' = v~ l Qv, Let R > 0. 

(a) Mi Q ,„[fl] = ^g-li?]^ 1 , Mq<t,v [R] = vMq.^v- 1 . 

(b) A+ q (i?) = u A+ q (i?)i;- 1 . 

Proof: Assertion (a) follows readily from combining Lemma It) . II with the defi- 
nitions of the sets involved. Assertion (b) is clear from l|b.l|) . Q 

We define the open dense subset M[q of M\q as in [TT], Eqn. (4.3). Write 
± : = kcr(-Z ± 6a) and put g± : = g Q n fl ± , for a G E. Write H 1Q : = M XQ R -ff. 
Then by [TT], Cor. 4.2, 

M( Q = ATq [A/{q n A q ] Hiq, 
M[q n A q = {a G A q | a" ^ 1 for alia G S(Q)with + ^ 0}. (6.2) 

In particular, M[q is a left Kq- and right iJiQ-invariant open dense subset of 
Miq. If v G A#-(a q ), then by M[q v we denote the analogue of the set M[q for 
the pair (G, uiJu -1 ). 
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Lemma 6.3 Let v £ N K (a q ) and put Q' = v^Qv. Then M[ Q v : = vM^ir 1 . 
Proof: This readily follows from the definition. □ 

Lemma 6.4 Let v £ A/if(o q ). 

(a) M 1Q , V [1] C\M[ Q v , 

(b) Let R U R 2 > 0. Then M Q ^ v [R 1 ]A+ q {R 2 ) C Mi Q , v [R x R 2 ]. 

Proof: For v = 1, the results are given in Lemma 4.7. Let now v be 
arbitrary and put Q 1 — v~ l Qv. Using Lemma |6. 21 fa) with R — 1 and Lemma 
16. 31 we obtain (a) from the similar statement with Q', 1 in place of Q, v. Likewise, 
assertion (b) follows by application of Lemma f6. 21 □ 

We now come to the investigation of decompositions in g, needed for the 
study of the asymptotic behavior of F. Write t(Q): — £ (~l (riQ + vvq). Then / + 
8: X i— > X + 8X is a linear isomorphism from riQ onto t(Q). For a £ £ we put 
%a '■ = (I + Then t(Q) is the direct sum of the spaces t^, for a £ S(Q). 

Lemma 6.5 Let v £ N K {a q ). If m £ M[q v , then rig C t(Q) © Ad(mw)f). 

Proof: For u = 1 this follows from Lemma 4.3 (b), with Q in place of 
Q. If v is arbitrary, put Q 1 ~ v Qv. Then for m £ M[q v we have v~ 1 mv £ 
M[q,, hence Ad(w _1 )riQ = t\Q> C 6(Q') © Ad(v~ 1 mv)t), and the result follows by 
application of Ad (v). □ 

By the above lemma, for m £ M[q v we may define a linear map $(m) = 
$Q,v( m ) 6 Hom(riQ,t(Q)) by 

X 6 $(m)X + Ad(mw)f), (Ien Q ). (6.3) 

It is readily seen that <&q „ is an analytic Hom(riQ, 6(Q))-valued function on 

Lemma 6.6 If m £ M[q v , k £ Kq and h £ M%q fl vHv -1 , then 

<f>(kmh) = Ad(fc)o$(m)oAd(fc)- 1 . 

Proof: Since M\q normalizes xiq and Kq normalizes £(Q) the result is an 
immediate consequence of the definition in equation (|6.3() . □ 

Lemma 6.7 Let v £ Nk (a q ) and put Q' — v~ l Qv, Then, for all m £ M[q v , 

$Q,v( m ) = Ad(u)o$Q, il (ir 1 mw)oAd(w) _1 , 

Proof: This follows from 16. 3|) , by the same reasoning as in the proof of Lemma 
1631 □ 
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Let <f = M' lQ -» Hom(nQ, 6(Q)) be defined as in [TT|, Eqn. (4.4). Then, 
for leig and m G M{g, 

X G Ad(m) _1 \I>(m)X + f). (6.4) 

Lemma 6.8 Let m € M{g. TTien 

= — *(m) ocro Ad(m _1 ). (6.5) 

Proof: If X G tiq and m G AT[q, then crAd(m _1 )A G fig, so that aAd(m~ 1 )X 
belongs to Ad(m _1 )\I>(m)<7Ad(m _1 )A + f). Since Ad(m _1 )A G -aAd(m~ 1 )X + 
f), this implies that 

Ad(m _1 )A G -Ad(m- 1 )*(m)crAd(m" 1 )X + f). 

Comparing with the definition of $g i(m) given in (|6.3[) with u = 1, we obtain 
the desired identity. □ 

In the formulation of the next result we use the terminology of neat conver- 
gence of exponential polynomial series, introduced in § 1. 

Proposition 6.9 Letv G Nk (dq). There exist unique real analytic Hom(riQ, 6(Q))- 
valued functions $ M = &q. V41 on Mq ct , /or /i G NA r (Q), smc/i £/iai, /or every 
m G Mq ct and all a G Ag q (i?Q jl , (to) -1 ), 

$g,,(mo) = fl "" $ »' ( 6 - 6 ) 

/xSNA r (Q) 

wii/i absolutely convergent series. Moreover, $o = 0. Finally, for every R > 1 
i/ie series in fb'.b)) converges neatly on Ag q (i? _1 ) as a A r (Q)-power series with 
coefficients in C 00 {MQ iyyV [R]) ® Hom(ng, t(Q)). 

Proof: We first assume that u = 1. Let ^^:MQ a — ► End(ng) be as in 
Prop. 4.8. Then it follows from combining the mentioned proposition with (|6.5|l 
that, for m G Mq ct and a G Ag q (i?Q j i(m) _1 ), 

$(ma) = -(7 + 6) o V" a~ M * M (m) o ct o Ad(TOa) -1 , 

MGNA r (Q) 

with absolutely convergent series. We now see that the restriction of Q(ma) to 
Q a , for a G S(Q), equals 

-(1 + 0) o o -,< " a * M (m)o(roAd(m)| So ,. 
Put $0=0 and, for 2/ G NA r (Q) \ {0}, define 3v(m) G Hom(n Q ,6(Q)) by 

(m) OCT o Ad(TO,)| Ba 
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if v — a € NA r (Q), and by $j/(jn)lfla = otherwise. Then 1)6. 6|) follows with 
absolute convergence. All remaining assertions about convergence follow from 
the analogous assertions in Prop. 4.8. 

We now turn to the case that v is general. Let Q' = v~ 1 Qv : and define 

$Q,u,/*M = Ad(w) o$ Q , 1Ad(t , ) - V (t;" :L r7iw)o Ad(w) -1 , 

for jU £ NA r (Q) and m £ Mq . Then all assertions follow from the similar 
assertions with Q' , 1 in place of Q, u, by application of Lemmas 16.71 and |6 . 21 □ 

We now come to the behavior of Lz, for Z £ g c , at points of the form mav, 
with v £ Nxidq), m £ Mq ct and a — » oo in ^iQ q - We start by observing that 

= n Q ® a Qq © (m Q(T n p) © t, (6.7) 

as a direct sum of linear spaces. Accordingly, we write, for Z £ g c , 

Z = Z n + Z & + Z m + Z k , (6.8) 

with terms in the complcxifications of the summands in (|6.7II . respectively. If [ 
is a real Lie algebra, then by [/(I) we denote the universal enveloping algebra 
of its complexification, and by Uk(i), for k £ N, the subspace of elements of 
order at most k. For Z £ g c we define the element Dq(Z) = DQ. Vt o(Z) of 
Ui(m Qa ) <g> C/i(a Qq ) ® End(Vr) by 

£>o(^): = Z m ® I ® I + I ® Z a ® I + I ® I ® r(Z k ), (6.9) 

where X i— » X denotes the canonical anti-automorphism of U(g). If, more- 
over, m £ MQ a , we define, for fi £ NA r (Q) \ {0}, the element D ll (Z,m) — 
D Q ^(Z,m) of Ui(m Qa ) © Ui(a Qq ) ® End(K) by 

Dn(Z, m): = I®I® r($Q,„ i|t (m)Z n ). 

Finally, if m £ Mq ct and a £ Aq^-Rq^to) -1 ), we define the element Dq iV (Z, a, m) £ 
C/i(m QCT ) <g> C/i(a Qq ) © End(K) by 

DQ lt ,(Z, a> m)= J! a~"-Dp(^,m), (6.10) 

where we have put D (Z,m) = D (Z). We also agree to write 

D^ V (Z, a, m): = D QjV (Z, a, m) - D (Z). 

It follows from Prop. HHIl that. for each i? > 1, the series (I6.10f) is neatly conver- 
gent on Aq^R -1 ) as a A r (Q)-exponential series with values in C°° (MQ a ^ v [R))® 
Ui(m Qa ) <g> C/i(a Qq ) (8) End(V T ). Moreover, 

D% >V (Z, a,m) = I <g> J <8> T($ Q ,„(mo)Z n ). (6.11) 

In the formulation of the following result we use the notation of the paper 
Sections 1-3. Via the left regular representation, we view U(mQ a ) © U(&Qq) © 
End(V^) as the algebra of right-invariant differential operators on M\q ~ Afg CT x 
AQ q , with coefficients in End(V^). 
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Proposition 6.10 Let F £ C op (X + : r). Then F £ C op (X+ : r). Moreover, 
ifQeVa and v £ iV K (o q ), tfien Exp(Q,v | F) C Exp(Q,v | F) - NA r (Q). 
Finally, for every Z £ g c , £/ie A r (Q)- exponential expansion 

F{mav){Z) =^V^(Q,u | F, log a, m) (Z) (6.12) 

along (Q,v) arises from the similar expansion 

F{mav) — 2_, a ^ QiiQi w I ^ l°g a 7 TO ) (6.13) 

6?/ the formal application of the expansion \6.10)) . In particular, if £ is a leading 
exponent of F along (Q,v), then, for every Z £ g c , 

g ? (Q, v | F, log( • ), • ){Z) = [D QtVfi (Z) - £(£ B )] q^Q, v \ F, log( •),•)• (6-14) 

Proof: It is obvious that F £ C°° (X+ : r) . We shall investigate its expan- 
sion along (Q,v), for Q £ F<j and w £ iVf;-(a q ). We start by observing that, 
for R > 1, the expansion (|6.13|) converges neatly on A+(F _1 ) as a A r (Q)- 
cxponcntial polynomial expansion in the variable a, with coefficients in the 
space C°°(XQ it , !+ [F] : r Q ), see [TT], Thm. 3.4. 

If ip is a smooth function on a Lie group L, with values in a complete locally 
convex space, then for X £ [ and x £ L we put y(X; a;): = d/dt (p(exptXx)\ t =Q. 
Accordingly, it follows from 1)6. 8[l that for Z £ g c , and to £ Mq ct and a £ j4g q 
with mav £ X + , we have 

F{mav){Z) = F(Z;mav) 

= T(Zk)F(mav) + F(Z m ; mav) 

+F{Z a ;mav)+F{Z n ;mav). (6.15) 

The sum of the first three terms allows an expansion that is obtained by the 
termwise formal application of DQ iVt o(Z) to the expansion 1)6. 13)1 . by |llj . Lem- 
mas 1.9 and 1.10. Moreover, the resulting expansion converges on A+(i? _1 ) as 
a A r (Q)-exponential polynomial expansion in the variable a, with coefficients 
in the space C°°(Xq !Vi+ [R], V t ). Thus, it remains to discuss the last term in 
1)6.15)1 . Since F is right H- invariant and left r-spherical, we see by application 
of 16.3(1 and 1)6.11)1 that the mentioned term may be rewritten as 

F(Z n ;mav) = F($Q iV (ma)Z n ;mav) 
= T($Q tV (ma)Z n )F(mav) 
= D Q,v( Z ' a > m ) F (- v )( ma )- 

It follows from Proposition 16 . 91 that the series for Dq v (Z) converges neatly on 
(F _1 ) as a A r (<5)-exponential polynomial expansion in the variable a, with 
coefficients in the space C°° (Mq :IJ ^[B\) ®End(y r ). From Lemma 1.10, it 
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now follows that F(Z n ; mav) admits a A r (Q)-exponential polynomial expansion 
that is obtained by the obvious formal application of the series for Dq v (Z, a, to) 
to the series for F{mav). The resulting series converges neatly on Aq^R^ 1 ) as 
a A r (Q)-exponential polynomial expansion in the variable a with coefficients 
in C°° (Mq„ v [R] , V T ). It follows that F(mav)(Z) has an expansion of the type 
asserted along (Q,v), with exponents as indicated. 

In particular, if Q is minimal, it follows that F(mav) allows a neatly con- 
verging A(Q)-exponential polynomial expansion in the variable a G A+(Q), 

with coefficients in C°°(Xq.„) <g) g* (g> V T . This implies that F belongs to the 
space C cp (X+ : f), defined in [IT], Def - 2 - L 

It remains to prove the assertion about the leading exponent £ for F along 
(Q, v). From the above discussion we readily see that the term in the expansion 
<|6.12[1 with exponent £ is obtained from the application of the constant term 
Dq,v,q(Z) of DQ^ v (Z,a,m) to the term in the expansion (|6.13l) with exponent 
£. This yields 

a 6 q^{Q,v | F, log a, to) (Z) = D Q . vfi (Z)[(m,a) t-> a e q^(Q,v | F,loga, to)]. 

Now use that or 4 o D Q)Vfi {Z) a a e = D Q . vfi (Z) + £(Z a ) to obtain jOl) . □ 

We can now describe the action of Lz, for Z £ g c , on families from the space 
£g yp (X: r), defined in [H], Def. 6.6. 

Theorem 6.11 Let F G £q VP (X : r). Then toe family F: a* Qqc xX-*^®^, 

defined by (F)„ = (F„)~ belongs to £q YP (X: r). Moreover, for every Z G g c 
a// 1/ in an open dense subset of dQ qc , 

q v - PQ {Q,v\F„:\og{-): -){Z) 

= [D Q ^ {Z) - {y - p Q ){Z 3 )]q v _ PQ {Q,v\F u :\og{-): ■ ). (6.16) 

Proof: There exist (5 G Dq and a finite subset Y C *aq> qc such that F G 

£q yp (X : r : 6). Let 7i = Hf, d = dp and fc = deg a F be defined as in the text 
following ^2], Def. 6.1. Then F satisfies all conditions of the mentioned defini- 
tion. It follows from the characterization of the expansions for F in Proposition 
16. 101 that F satisfies the hypotheses of (T2|, Def. 6.1. with r in place of t, with 
the same Y, TC, d, k. In particular, F belongs to CQ P y yp (X + : r). 

Since F v is annihilated by the ideal Is :V for generic v G ag qc , the same holds 

for F v , and we see that F G £g y £ (X+ :r:S), see [E], Def. 6.3. 

Let now s G W 7 , P G P* such that s(ag q ) <f_ ap q and u G iVx(a q ). Then there 
exists an open dense subset C ag qc such that F satisfies the condition stated 
in [T2\, Def. 6.4. It follows from Propositon l6. 1UI and the fact that the functions 
to i ► Dp iVifJl (Z,m) are smooth on all of Mp ff , for Z G C ;M € NA r (P), that F 
also satisfies the condition of [T2\, Def. 6.4, with the same set fi. We conclude 
that F G £q Y £(X+ : t: 5) glob . In view of ^21 1 Lemma 6.8, v ^ F v is a mero- 
morphic C°°(X: r)-valued function on cig c . Hence, y i-* F„ is a meromorphic 
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C°°(X: r)-valued function on Og qc . In view of ^2]> Def. 6.6, we now infer that 
F ££^ p (X:t). 

Finally, for v in an open dense subset of 0g qc , the element v — pq is a leading 
exponent for F along (Q,v). Thus, (|6.16|) follows from (|6.14|) . □ 

Next, we apply the above result to the normalized Eisenstein integral E°(Q : -0 : v), 
defined for -0 £ A 2 ,q- Let v S ®W. Given a function tp v £ A 2 (Xq^ v : tq) and an 
element v £ Og qc we define the function 

dQ, v {y)ip v : X Q . V -> fl* <g> V T (6-17) 

by 

dQ,v{v)^v{x){Z) = [L Zm -{v- p Q )(Z ai )]ip v (x) - T(Z k )[ilj v (x)], 

for x £ Xq.„ and Z £ g c . Clearly, the function <9q ) „(^)'0„ is a D(XQ i „)-finite 
Schwartz function with values in g*(3V T . Since Kq normalizes the decomposition 
(|6.7|l and centralizes flQ q , one readily checks that the function is Tg-spherical, 
with tq: = t\k q - Hence, 

dQ,v(v)il) v £ A 2 (Xq, v : Tq). 

We define the map 9q{v): A 2 ,q{t) — > A 2 ,q(t) as the direct sum, for v £ ®W, 
of the maps 8q^(v): A 2 {Xq^ v : tq) — > A 2 (Xq jV : tq). 

Theorem 6.12 Let ijj £ A 2) q (t) and let the family F: flg qc xX 7 T be defined 
by 

F{v,x) = E°(Q: ip:v:x). 
Then the family F: aq qc x X -> §* ® V T , defined by {F) v — (F„)~, is given by 

F(v,x)=E°~{Q:d Q (v)il>: v: x). 

Proof: It follows from j Def. 13.7 and Prop. 13.6, that the family F belongs 
to £ l Q yp (X: t) and that the family G: = E°{Q : d Q (v)ip) belongs to fg yp (X: f). 
Let v £ ®W. Then it follows from the mentioned proposition, combined with 
|11|. Thm. 7.7, Eqn. (7.14), that, for v in an open dense subset of aq qc and all 
X £ OQ q and m £ X Q:Vi+ , 

qv- PQ (Q,v | F v ,X,m) = ip v (m), (6.18) 
<1v-pq(Q,v I G v ,X,m) = d QtV (u)ip v (m). (6.19) 

From Theorem 16.111 we see that F £ £g yp (X: r). Moreover, combining l|6.18|l 
and (|6.16|1 we infer that, for Z £ g c , v in an open dense subset of ciQ qc and all 
X £ ciQ q and m £ Xq, Vi +, 

1v-pq{Q>v I F u ,X,m){Z) = [D QtVi0 (Z) - (u - p Q )(Z a )][(m,a) i-> ip v (m)}. 

From (|6.9|l we see that the expression on the right-hand side of this equation 
equals [dQ jV (v)ip v (m)](Z); hence 

a v- PQ (Q,v \F v ,X,m) = d Q . v {v)il) v (m). (6.20) 
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Comparing (|6~2U|) with we deduce that the family F -G E £q VP (X: t) 

satisfies the hypothesis of the vanishing theorem, Thru. 6.10. Hence, F = 
G. □ 

Given v £ ciQ qc and <p € C°° (K : £ : r) we define the function 
d(Q,£,v)cp£C°°(K:£)® Q *®V T 

by 

[d(Q, £, v) <p](k, Z) = ([n t . v (Z) ® I] <p)(k), (6.21) 
for k s K and Z G fl c - One readily verifies that d(Q,£,v)ip G C°°(K: r). 

Lemma 6.13 Let T G V"(f) ® C°°(K : £ : r). Then, for all v G o^ qc , 

V , [/®d(Q,c^)]T = d Q (v)i\; T . 

Proof: By linearity it suffices to prove this for T = rj ® ip, with r] <E V"(£) and 
<y3 G C°°(K: £: t). Let v G Q W and Z G fl c . Then combining (|tT2"T|) with the 
decomposition (|6.8(1 we infer that 

[d(Q,£, i/)^(e)(Z) = [£(Z m ) ® J - 7® r(Z k )Me) - (i/ - p Q )(Z a )^( e ). 

By equivariance, rj v maps 7Y|° into L 2 (Xg it ,)|° C C o0 (Xq ) „), intertwining the 
(rriQ, Kq )-actions. Using formula l|4.8|l we now obtain that 

ip[i®d{Q,i,u)]T,v{ ■ ){Z) = 

= [Vv ® J](K(^m) ® iMe)) - [(v - Pq)(Z*)I ® I + I® T(Z k )](»h, ® /)(95(e)) 
- [i Zm - (i/ - po)(£.)](ife>)( • ) - r(Z k )[^r,«( ' )] 
= (0(Q,i>)iM«(-)(^)- 

□ 



Corollary 6.14 Let T G F(£)®C°°(L: : £ : t) and let the family F: a* Qqc xX -> 
V T be defined by 

F v = E°(Q:^ T :v). 
Then the family F: v \— > (F u )~ is given by 

F v =E°{Q: i) [mdm , v)]T : v). (6.22) 

Proof: This follows from Theorem 16.121 and Lemma fo. 131 □ 

As a consequence of the above, we can now express derivatives of the nor- 
malized Eisenstein integral in a form needed for the proof of Theorem 14.61 
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Proposition 6.15 Let i? C K be a finite subset, and let i?' C K be the union 
of the collections of K -types occurring in Ad#- ® 8, as 6 G $. Let T G U(£) ® 
C°°(K: £),?■ T/ien (/ ® tt^^Z))! 1 G ® C°°(K: for all Z G C and 

f G cig qc . Moreover, for all Z G C , a; G X and k £ K, 

LAd(k)-^zE%{Q : Vt: = -E!#'(<9: ^[/(gw^-^z^T = v){x){k), (6.23) 

as a meromorphic identity in v G ciQ qc - 

Proof: Let r = r^. We shall use the natural identification C°°(K: ~ 
C°°(K : £ : r) of Lemma I3~4l so that may be viewed as an element of V(£) ® 
C^iK: £: r). 

Define the family i* 1 as in Corollary 16. 141 We shall derive the identity l|6.23|l 
from H6.22|l by using the functorial properties of Lemma \4. 51 

Fix Z G 0c • We define the matrix coefficient map mz- 0* — * C°°(K) by 

m z (0(k) = ((Adik-^Z), (C G fl*, k G K). 

The map mz intertwines the representation Ad^- of K in 0* with the right 
regular representation of K in C{K). In particular, it maps into the finite di- 
mensional space C(K)$v, with i)q g K the set of if-types in Adi<-. We define 
the equivariant map 

Si: = mij® J: 0c ® Vtf C^JQtfv ® V*. 

On the other hand, we define the map S2: C(K)$v ®V,j — ► C(K) by ^xg)^ 1— > 0-0. 
This map intertwines t$ ®t,j with the right regular representation of K in C (K), 
hence maps into C(K)$iv . The space C{K)$v ® V# may be naturally identified 
with a finite dimensional if-submodule of C(K x K), the latter being equipped 
with the diagonal K- action from the right. Under this identification the map 
S2 corresponds with the restriction of the map A*: C(K x K) — > C(K) given 
by A>(fc) = ^(fc,fc)- 

The map S = S2 o Si : 0^ ® \«> is Tf-equi variant. We shall apply I ® S 
to both sides of the identity (|6.22|l . Application of J <£> Si to the left-hand side 
yields (I®Si)[F u ( ■ )](k) = F v { ■ , Ad(fc _1 )Z), which in turn equals L Ad ( k -i) Z F„. 
By application of I ® S2 to the latter function we find 

(7 ®S)[F„ (•)](&) = iAd(*-i)Z^(-)(*) 

= £Ad(*-i)z^°(Q: V>t: !/)(•)(*)• (6-24) 

On the other hand, from Lemma 14.51 we see that application of I ® S to the 
expressions on both sides of H6.22JI yields 

(I ® S)lt =E°(Q: ipii®i®s\[im(Q,a,v))T ■ v). (6.25) 

We observe that (I ® S) od(Q, £, i/) is a linear map from C°°(K: £: t#) to 
C°°(K : £: T&i) and claim that the following diagram commutes, for every z/ G 
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U QqC> 

i I (6.26) 

C°°(K:S)4 -±z^l > C°°(K:Z)v 

Here the vertical arrows represent the natural isomorphisms of Lemma l3~H We 
denote both of these isomorphisms by cp i— ► tp'. It suffices to prove the claim, 
since its validity implies that n^,- v (Z) maps C°°(K : into C°°(K : and 
that the expression on the right-hand side of l|6.25[l equals the one on the right- 
hand side of l|6.23[l . Combining this with H6.24|) we obtain 16.2311 . 

To see that the claim holds, let (p G C°° [K : £ : t#) = (C°°(K: £) <g> V^) A '. 
The associated element tp' G C°°(K : is given by 

<p'{k)=<p(k)(e), (keK). 

The element (I (g> S"i)d(Q, £, u)ip of [C°°(if : f ) ® C(i^) tf v ® V^] x is given by 

[(/®Si)d(Q,f,i/V](fc)(fci) = [d(Q,C,^)^(fc)](Ad(fcr 1 )Z) 

= [7®^,_,(Ad(fc 1 - 1 )Z)](^(fc); 

sec Hence, the element (I® S)d(Q,£,u)(p G [C 00 ^: £)®V0/] K is given 

by 

(I ® S)d(Q,£,v)<p(k)(ki) = (J® 7 r e> _ I/ (Ad(A;r 1 )^))^(fc)(fc 1 ). 

The natural isomorphism from [C°°(Jf : £)<8>Vi9'] K onto C°°(K : is induced 
by the map I®S e , where <5 e : VV — > C denotes evaluation at e (sec 113.6( 1'). Hence, 

((/®S)d(Q,e,»')v) / (A) = [(/®7r e ,_ I/ (Z))vj](fc)(e) = [7r^_„(Z)^](fc). 

This establishes the claim. □ 

We shall apply the above result in combination with Proposition 15.11 to 
obtain the assertion of Theorem 14.61 about finiteness. If H C Og qc is a S r (Q)- 
hyperplane, we denote by a# the shortest root of S r (Q) such that H is a 
translate of (aj^) c . Thus, (an , ■ ) equals a constant c on H; we denote by Ih 
the linear polynomial function (an , • ) — c. In accordance with |12| . Eqn. (4.3), 
given a locally finite collection TL of S r (Q)-hyperplanes in dg qc and a map 
d:TL — > N, wc define, for every bounded subset lo of ttQ qc , the polynomial 7r w ^ 
by 

*»m= n ( 6 - 2? ) 

Proposition 6.16 Let Q G Po-, £ G Xg ^ ds . TTierc TL(Q,£,) is a locally finite 
collection of realY, r {Q)-hyperplanes. Moreover, there exists a map d:TL(Q,£) — ► 
N smc/i i/iai, /or every finite dimensional unitary representation r of ev- 
ery T G V{£) ® C°°(K : £ : r) and every bounded open subset lo C ag qc , the 
C°°(X : r)-valued function 

v^7r ulid (y)E°(Q: ip T : v) (6.28) 
is holomorphic on lo. Here Ti u) _d is defined by \b\2'ify with TL = 
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Proof: Select any bounded open subset to C gg qc . L et 1} C if be a fi- 
nite set associated with Q,^,—uj as in Proposition 15.11 According to [T2"]. 
Prop. 13.14, there exists a map d:H(Q,£,,tf) — > N with the property that, 
for every T G V"(£) ® C°°(if : f)tf 5 the map w ££(Q: Vt : i>) belongs to 
7W(a^ q ,H(g,^^),d,C°°(X: r#)). See H2, § 4, for the definition of the latter 
space. 

Let C if be an arbitrary finite subset. Fix z^o £ w. Then by Proposition 
15. II there exists k G N such that the map 

M v : U k {g) ® C(if : C(JC : Ox, u ® <p i-> 7r c ,_„(u)<p 

has image containing C(if : for f = ^0. On the other hand, let C if 
be the finite collection of if- types occurring in Si ® 82, with Si 6 if a if -type 
occurring in the adjoint representation of if in Uk{o) and with 82 G J?. Then the 
image of is contained in C°°(K : for all v G ag qc . Let P$< y tf" denote the 
if-equivariant projection from C(if : onto C(K: Then P^i^n o M VQ 
is surjective. Hence there exists a finite dimensional subspace i? C Uk(s) ® 
C(if : such that i?„: = P^i^n o M u \e'- E — > C(if : is a bijection for f = 
^o- By continuity and finite dimensionality, there exists an open neighborhood 
ujo of vq in u> such that i?„ is a bijection for all v € loq. By Cramer's rule, the 
inverse S v : = R~ x G Hom(C(if : £)#i,E) depends holomorphically on v E Wo- 
Let (m I 1 < i < I) be a basis of E4(g) and | 1 < j < J) a basis of 
C(if : Then there exist holomorphic [C°°(if : £),j<] "-valued functions on 
Wo, for 1 < i < I, 1 < j < J, such that 

l<i<I 
l<j<J 

for 93 G C*°°(if : £V- Let y> G C(K: £V- Then V = P# ° M v ° S„{ip) , hence 

Let 77 G V{£). Then it follows from the above by application of 14.17fl and l|4.18|l 
that 

Applying I <&S e = c^, 1 and using Lemma 13.61 and Proposition 16 . 1 51 we infer that 
ituj,d{v)El,{Q: ijJ n ® v ' v: -)(e) 
= 53 S «^' ¥ ')- Pl? ''''"[ 7rw ' d ^- E! ^"^ : ^®Te.-»(«0^ : ^ : ')( e )l 

= ^ %(^, (p)Pj}',-&"L Ui [ir u , d {v)El{Q : ip mV:S : v : • )(e)] (6.29) 
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From this we conclude that the expression on the left-hand side of the above 
equation depends holomorphically on v G ujq, as a function with values in 
C°°(X). Since v$ was arbitrary, it follows that the expression on the left-hand 
side of (|6.29|) in fact depends holomorphically on v G to. Hence, every H G 
H{Q, £,,<&') with H n uj / must be contained in This shows that 

the collection W(Q,£) is locally finite. The argument also shows that there ex- 
ists a map d:Tl(Q,£) — > N such that the assertion of the proposition holds for 
every r of the form r = t$i, with C K a finite subset. The general result now 
follows by application of the functorial property of Lemma f4. 51 □ 

Corollary 6.17 Let d: Ti(Q, £) — > N be as in Provosition \b\ 1 b\ Then, for every 
T G V(^) (8) C°°(K : £)k and every bounded open subset u> C flg qc , the function 

extends to a holomorphic C foc (X)- valued function on u>. 

Proof: This follows from Proposition 16.161 and the definition of Jq^ v , see 

po) . □ 

We can now finally give the promised proof. 

Proof of Theorem 14.61 The properties of TL{Q,£) have been established 
in Proposition 16.161 and l|4.19[) . Let v G flg qc . That Jq,^, v is a g-equivariant 
map follows from formula Ij4.2t)|l combined with formula Ij6.23|l with k = e. It 
remains to establish the if-equivariance of Jq,£,v Let $ <Z K be & finite subset 
and let T = r\ ® ip G ® C 00 ^ : We denote the natural isomorphism 
C°°{K: -> C°°(^: £: r,,) of Lemma E31 by <r = ^. Let k x G if. Then 
one readily checks that ^o7r^ _ ly (fci) = (/ ® S) o with S the endomorphism of 
= C(K)$v given by restriction of the left translation L kl . In particular, S 
intertwines = i?|v tf with itself. By the identification discussed in the text 
before (|4.13|) we have 

= ^(/®/®S)(/i8ic)T- 

By Lemma 14.51 fa), combined with the identification mentioned above, the latter 
expression equals 

(I <g> 5)^ (78s)T = (I® S)V>r. 
Applying Lemma 14.51 fb) we now find that 

Jq^AI 1 ® ^ -^l)] 1 ") = E l{Q ■ i>[lm t ,-u{ki)]T ■ v){ ■ )(e) 

= [[J®S]BS(Q:'^:")(-)](e) 
= E#(Q : ip T '- 1 ) 

= L kl jQ.£. v (T). 

□ 
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7 The Fourier transform 



Let Q G "Per and £ G Xg „ ds . We will use the map Jq,£, introduced in l|4.20|l . to 
define a (g, -fQ-equivariant Fourier transform for functions from C^°(X)k- 
We define the collection H y (Q,£,) of hyperplanes in ag qc by 

h v (q,0-={-h\h eH(Q,0}- 

Since H(Q,£) is a locally finite collection of real S r (<5)-hyperplanes, see Theo- 
rcm l4.6l the same holds for H v (Q, £,)-lt also follows from the mentioned theorem 
that UH V (Q,£) is disjoint from «ag q . 

Since H(Q,£,) consists of real S r (Q)-hyperplanes, every hyperplane of Tt(Q, £) 
is invariant under the complex conjugation A A in ag qc , defined with respect 
to the real form a* Qq . Hence, H V (Q,£) = {-H \ H G H{Q,£)}. This justifies 
the following definition. 

Definition 7.1 Let / £ C™(X) K . For v G a Qqc \U7i: v ((3, £), the Fourier trans- 
form f(Q : £ : v) is defined to be the element of V{£) ®C°°(K : £)x determined 

by 

(f(Q :i:v)\T)= f f{x)J Q , t ,. D {T){x) dx, (7.1) 
for all T G V(£) ®C°°{K: £) K . 

Lemma 7.2 Let v G a.Q qc \ U7i v (Q, £). Then the map f i— » f(Q : £ : v) from 
C^°(X)k to V(£) <®C°°(K:^)k intertwines the (g,K)-module structure on 
C°°(X)if coming from the left regular representation with the (g, K)-module 
structure on V{^) ® C°°(K : £)k coming from 1 ® ttq^-v. 

Proof: The spaces C™{X) K and V{£) <g> C 00 ^: f) are equipped with the 
natural L 2 -type inner products. The first of these inner products is equivariant 
for the (g, -RT)-module structure coming from the left regular representation. 
The second induces a sesquilinear pairing of V(£) <g> C°°(K : £) with itself that 
is equivariant for the (g, -fQ-module structures coming from 1 g> kq £ —v and 
1 (g) 7tq ^ p, respectively. On the other hand, it follows from 1)7. lfl that the map 
/ l— * /(QjC) 1 ') is adjoint to the map Jq,£,—p, with respect to the given inner 
products. Therefore, the (g, if )-intertwining property of / 1— > f(Q,£,,v) follows 
by transposition from the similar property for Jq^^ u , asserted in Theorem 14 .61 
□ 

lfd:H(Q,0 -> N is a map, we define the map d y :H v (Q,£) ^Nbyd y (H) = 
d(-H), for H G ft v (Q,0- 

Lemma 7.3 Let d, d v be as above and let u) C Ug qc be a bounded subset. Then 

*-o,d(-*) = (-V N Ku,,d- W), (v G a* Qqc ), (7.2) 
AT = J^h d{H), for H G H(Q,v), HC]lo^%. 
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Proof: In the notation of the text preceding (|6.27|) . we have, for H G 7i v (Q, £), 

Ih{~v) = -(an , -i/) -c H = (a_ H , v) + c_ H = -l_ H (v). (7.3) 

Moreover, since H is real, —Co n i? 7^ is equivalent to w fl (— i?) 5^ 0. In 
view of the definition in 16.27(1 . the identity ((7.2(1 follows from 1)7. 3J1 raised to 
the power d y (H) — d(—H), by taking the product over all H G 7i v (Q,£) with 
wn(-i?)^0. ' " □ 



Lemma 7.4 Let d: H(Q , ^ N be as in Provosition \6.1b\ and define d v : Tt v (O. f) 
N &y d v (H) = d(—H). Then, for every bounded open subset to C &Q qc , every 

finite subset d C K and every f G C°°(K)#, i/ie function 

v^HuM^KQM, ( 7 - 4 ) 

originally defined on Lo\U7i. v (Q, £), extends to a holomorphic V(£)®C°° {K : 
valued function on to. 

Proof: Let / be fixed as above. It follows from Lemma r7.2l that the function 
H7.4fl has values in the finite dimensional space V"(£) ® C°°(K: Hence, it 
suffices to establish the holomorphic continuation of the function that results 
from (|7.4|l by taking the inner product with a fixed element T from V"(£) <8> 
C°°(K : In view of 1(7.1(1 the resulting function equals 

v ' * n u ,dv(v){f I J Q ^_ V {T)) = (/ I n-u,d(-v)JQ,c,-i?{T)), 

see Lemma 17.31 We may now apply Corollary 16. 171 with —Co in place of to, to 
finish the proof. □ 

The following result gives the connection between the present Fourier trans- 
form and the spherical Fourier transform, defined in |12| . § 19. 

Lemma 7.5 Let 1) C K be a finite subset, let f G C°°(X)^ and let F = G 
C°°(X: t#) 6e i/ie corresponding spherical function, see Lemma \^\ Let TqF be 
the t& -spherical Fourier transform of F. Then, for every T G V(£)<8)C°°(K : 

(f(Q :£:v)\T}= (T Q F{ V ) | V- T ), (y G a* Qqc \ UH V (Q, £))• 
Proof: It follows from fTTJ) and that 

(U(Q : v)\T) = f f(x)E°(Q : ^ T : -D)(x){e) dx. 

One may now proceed as in I?], p. 539, proof of Prop. 3, displayed equations, 
but in reversed order. □ 
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8 A direct integral 

In this section we assume that Q G V a and £ G Xq „ ds are fixed. We will 
define and study a direct integral representation ttq^ that will later appear as 
a summand in the Plancherel decomposition. 
We equip 

fi(Q,t>>=V(t)®L 2 (K:Z) (8.1) 

with the tensor product Hilbert structure and the natural structure of K- 
module. Moreover, we define 

£ 2 (Q, £): = L 2 (ia* Qq , fi(Q, £), [W : W* Q ] dfx Q ), 

the space of square integrable functions jdg q — > .f)(Q,£)) equipped with the 
natural L 2 -Hilbert structure associated with the indicated measure. Recall that 
d/iQ is Lebesgue measure on iag q , normalized as in [T2\, end of § 5. 

By unitarity of the representations ttq^^, for v G *ag q , the prescription 

(7rg, € (x)p)(i/):= [JlSTrg^.^Cx)]^!/), (<p G £ 2 (Q,£), x G GO, 

defines a homomorphism 7Tq^ from G into the group U(£ 2 (<3,£)) of unitary 
transformations of £ 2 (Q,£)- 

Lemma 8.1 The homomorphism ttq^:G — > U(£ 2 (<3,£)) is a unitary repre- 
sentation of G in £ 2 (Q,£)- 

Remark 8.2 It follows from the result above that ttq^ provides a realization 
of the following direct integral 

n Q,t - / ® KQ,£,-» l W: w q] d^Q{v). 

Jia *Q< l 

For the proof of Lemma 18.11 it is convenient to define a dense subspace of 
£ 2 (Q,£) by 

£o(Q, 0= = Cc(m Qq , F(0 ® G°°(^ : 0)- (8-2) 

This space is equipped with a locally convex topology in the usual way. Thus, if 
A C ia* Qq is compact, let £% A (Q, £,) denote the space G^(«ag q , V(£)®C°°(K : £)) 
of continuous functions from l|8.2|l with support contained in A. This space is 
equipped with the Frechet topology determined by the seminorms 

(p i > sup s((p(v)), 

where s ranges over the continuous seminorms on V(£) ® C°°{K : £). Moreover, 

£ 2 (Q,0 = u A S, 2 0A (Q,0 

is equipped with the direct limit locally convex topology. Thus topologized, 
£o(Q,£) is a complete locally convex space. 
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Lemma 8.3 

(a) The space £q(Q,£) is G-invariant. 

(b) The restriction of ttq,^ to £j)(Q,£) is a smooth representation of G. More- 
over, if <p G £§(Q,£) and u <E U(g), then TTQ^(u)cp is given by 

['*QA u )<P]( t ') = [I® *"Q,£ ,-u(u)] (8.3) 

Proof: Let A C idQ q be compact. Then it is a straightforward consequence of 
the definition that the space S^ A {Q, £) is G-invariant. In particular, this implies 
(a). 

For (b) it suffices to prove that the restriction of ttq £ to £q A (Q, £) is smooth 
and that (JE3J) holds for if G ^(Q, £)■ 

Let <p G We consider the function x G x K -> 7(0 ® K|° 

defined by 

$(i/,a;,fe):= [J ® ev k \([iTQ£{x)ip\{v)) = [I ® ev k n Q ^ _ v (x)]ip(v), 

where ev^ denotes the map C°°{K: £) — » 7i|° induced by evaluation in k. We 
recall that the multiplication map Nq x j4q x exp(rriQ Dp) x K — > Gisa 
diffeomorphism. Accordingly, we write 

a; = nQ(aj)ag(a;)mQ(a;)fcQ(a;), (a; G G), (8.4) 

where z/q, oq, mg and &q are smooth maps from G into Nq, Aq, exp(rriQ Dp) 
and Kq, respectively. Applying (|8.4() with kx in place of x, we find that 

§{v,X,k) = a Q (kx)- u+p QZ(m Q (kx))(p(v, k Q (kx)). 

From this expression we see that the function $ is continuous, and smooth in 
the variables (x, k). Moreover, for every G°° differential operator D on G x K , 
the F(£) (g) H^-valued function 

(v,x,k) i — ► D[$(i/)](x,fc) 

is continuous. This implies that the Gx(iag q , V"(£)8>G°°(-ftr : ^))-valued function 
x i ► 3>(-,x, ■) is smooth on G; hence ^ is a smooth vector for ttq^. Let D be 
any G°° differential operator on G and let v G A Then evaluation in i/ induces 
a continuous linear operator £q_^ — * ^(£) ® C°°(K : £)■ Hence, for all x G G, 

D[ir Q ,d ■ )<p](x)(u) = D[ev v {-K Q £{ ■ )<p)]{x) = D{* Q , t - v ( ■ )<p(u))(x). 
Applying this with D = R u and x — e we obtain 1)8.3)1 . □ 

Proof of Lemma 18. H Put tt: = ttq^. It suffices to show that the map G x 
£ 2 (Qi ~~ * £ 2 (Qi 0) (^j v) l— * ^(^Ov is continuous. Since 7r is a homomorphism 
from the group G into U(£ 2 (Q,£)), it suffices to show that for any fixed (p. G 
£ 2 (Q,£) we have 

lim7r(x)v? = <^ in £ 2 (Q,£). (8.5) 
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Moreover, again because 7r maps into U(£ 2 (Q, £)), it suffices to prove (|8.5|l 
for (/? in a dense subspace of Z 2 {Q 1 £). Let ip e £q(<2,£). Then ir(x)<p — > 
in £q(<2, £), as x — > e, by Lemma 1531 By continuity of the inclusion map 
£q(Q,£) ^ £ 2 (Q,0) this implies □ 

We end this section by establishing some other useful properties of the in- 
variant subspace £q(Q,£). If § C K, then one readily verifies that 

£o(Q, 0* = CcKfc, V"(0 ® C°°(# : 0*). (8-6) 

The space of if -finite vectors in £jj(Q, £) equals the union of the spaces (|8.fi|l 
as ranges over the collection of finite subsets of K. The natural [/(g)-niodule 
structure of £q{Q,£)k is given by formula JH3J|. 

Lemma 8.4 Lei (p, W) be a continuous representation of G in a complete 
locally convex space, and let U be a dense G-invariant subspace of W. If U is 
contained in W°° then it is dense in W°° for the C°° -topology. 

Remark 8.5 For W a Banach space, this result is Thm. 1.3 of [21! ■ The 
following proof is an adaptation of the proof given in the mentioned paper. 

Proof: Replacing U by its closure in W 00 if necessary, we may as well assume 
that U is closed in W°°. Fix a choice dg of Haar measure on G. If (p G C%°(G), 
then the map 

p(ip): = / <p(g)p(g) dg 

JG 

is continuous linear from W to W°°, as can be seen from a straightforward 
estimation. Moreover, since U is closed in W°°, the map p(ip) maps U into 
itself. Let W\ be the collection of vectors in W°° of the form p(ip)wo, with 
if £ C^°(G) and w G W°°. Then Wi is dense in W°°. Hence, it suffices to show 
that W\ is contained in U. Select W\ G W\ and let iVi be an open neighborhood 
of in W°°. Then it suffices to show that U H (wi + N x ) ^ 0. 

Write u>i = p(ip)wo, with iu G PF 00 and <p G C£°(G). By the mentioned 
continuity of p(<p), there exists an open neighborhood iV of in W such that 
p(tp)No C N\. By density of U in W 7 , the intersection U D(wq+No) is non-empty. 
Hence, 

C p(tp)[Un(w +N )] 

c unp(ip)(w + n ) 
c f/n (iwi + iVi). 

□ 

Lemma 8.6 The space £q(Q,£)x is dense in £ 2 (<3,£)°° wif/i respect to the 
natural Frechet topology of the latter space. 
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Proof: The inclusion map j: £§(Q, £) — > £ 2 (Q, £) is continuous, intertwines the 
G-actions and has dense image. From Lemma f8. 31 it follows that £o(Q,£)°° = 
£q(Q, £). By equivariance of j it follows that £q(Q, £) is contained in £ 2 (Q, 
By application of Lemma f8. 41 we see that £q(Q,£) is dense in £ 2 (Q,£)°°. The 
conclusion now follows since S^{Q,C)k is dense in £§(Q,^). □ 



9 Decomposition of the regular representation 

Up till now, for the expression £ g Xg t(is meant, by abuse of language, 

that £ is an irreducible unitary representation of Mq with equivalence class [£] 
contained in Xg # ds . From now on it will be convenient to distinguish between 
representations and their classes. For every Q 6 V a and all id G Xg ^ ds we 
select an irreducible unitary representation £ — £ w in a Hilbert space 7i w : = , 
with [£] = u. Moreover, we put ft(Q,u): — $j{Q, see (|8.1j) . 

For -d C K a finite subset, let Xg „ ds ($) denote the collection of to 6 Xg „ ds 
that have a i^Q-type in common with vg. 

Lemma 9.1 Let Q E V a and let $ C K be a finite subset. Then Xg „ j g (i?) is 
finite. Moreover, 

where the direct sum is finite and orthogonal. 

Proof: The collection Xg t is finite by Lemma T3. 21 applied to the spaces 
Xq,„, for v £ Q W. Put t = Ti) and fix u £ °>V. We note that A 2 (Q, v : t q ) u = 
for u S X^ ds (tf) \ M^ Hv _ l ds (T Q ), by RemarkESl with Xg it ,,r Q in place of 
X, r. Moreover, by the same remark, 

•A.2(Kq jV : tq) = ® we x£ t ds (tf) ^2(Xq : .„ : tq) u , 

with orthogonal summands. The result now follows by summation over v S 

in view of fOjL and [T2|, Eqn. (13.1). □ 



Lemma 9.2 Let Q 6 $ C K a finite subset and lu 6 Xq ds . TVien 

Proof: We have that f}(Q,Lj)& — V(Q,£ U )®L 2 (K: with non-trivial first 

component in the tensor product. Hence, f)(Q,oj)$ is non-trivial if and only if 
L 2 (K : is. Since L?(K: £ u ) is the representation space for Ind KQ (£ u ), the 
assertion follows by Frobenius reciprocity. □ 

If Q £ P a , we define the Hilbert space 

^(Q):=©^x S , ds (9-1) 
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where the hat over the direct sum symbol indicates that the natural Hilbert 
space completion of the algebraic direct sum is taken. Let i9 C K be a finite 
subset. In view of Lemmas 19 . 1 1 and 19 . 21 it follows that we may define a map 

$0 = *Q,^: Sj(Q)# -> A 2 ,q(t#) 

as the direct sum of the isometries T i— > ipx- $j(Q,u>)& — > -42,q(t,j) w , for w G 
Xq „ d s (i?), see H4.13[) . The following result is immediate. 

Lemma 9.3 *5f& is an isometric isomorphism from Sj(Q)tf onto A2,q(t&). 

If / G C™(X) K then for Q G V a , u G X£ ds and f G ia Qq we define the 
Fourier transform /(Q : a; : v) G V"(f w ) ® C°°(if : by 

/(Q:u/: v):= f{Q: £, w : v). 

This definition is justified since it follows from (|4.19ll that ^ UH V (Q,^). 

Proposition 9.4 Lei $ C if be a finite set of K -types, let f G C£°(X)$ and 
let F = G C^°(X: t#) &e £/ie associated spherical function, see Lemma 

\3.4\ Then for each Q G V a end every v G i&Q q , 

FqHv)= E ^KQ-.u-.u) m AqM- (9-2) 
"ex*...*. 

If f(Q : u) : v) is non-zero, then ui G Xq t ds (•#); m particular, the above sum is 
finite. Finally, 

\\FqF(v)\\ 2 = E H/(0 : W: ^Hl^)^^:^)- 

Proof: It follows from Lcmma lV.2l that f(Q : u> : v) is an element of £j(<3, 
for every u> G Xg # dg . Hence, if this element is non-zero, then lo belongs to the 
finite set X^Jd). 

The identity (|9.2|) follows from Lemma 1731 since is a surjective isometry. 
The final assertion follows by once more using that is an isometry. □ 

The following result will turn out to be the Planchcrcl identity for in- 
finite functions. We recall from ^2]j Def. 13.4, that two parabolic subgroups 
P,Q G Po- are said to be associated if their er-split components ap q and 0Q q are 
conjugate under W. The equivalence relation of associatedness on V a is denoted 
by ~ . Let P CT C V a be a choice of representatives for V a j ~ . If Q G V a , then 
Wq denotes the normalizer of 0Q q in W. 

Theorem 9.5 Let f G C™(X) K . Then 

11/111= E E W :W 0\ [ \\f{Q--u--v)\\ 2 dn Q {v). 

Proof: This follows from ^2]> Thm. 23.4, combined with Proposition ^. 41 □ 
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Our next goal is to show that the above indeed corresponds with a direct 
integral decomposition for the left regular representation L of G in L 2 (X). 

Let Q £ P CT . For u> 6 Xq # ds , the direct integral representation 7Tq jW : = ttq^ 
of G in £?{Q,u): — £ 2 (Q, £ w ) is unitary, see Lemma ETD We define 

£ 2 (Q):=© we x^, ds £ 2 (Q,w), (9.3) 

where the hat over the direct sum sign has the same meaning as in l|9.1|) . We 
note that £ 2 (Q) is naturally isometrically isomorphic with the Hilbert space 
of f)(Q)-valued L 2 -functions on io.Q q , relative to the measure [W : Wq] dfiQ. 
Let 7Tq be the associated direct sum of the representations 7Tq jW . Then ttq is a 
unitary representation of G in £ 2 (Q). 
Finally, we define 

£ 2 :=© Qe p CT £ 2 (Q) (9.4) 

and equip it with the direct sum inner product. The direct sum being finite, £ 
becomes a Hilbert space in this way. The associated direct sum n = ©qgp^ttq 
is a unitary representation of G in £ 2 . 

For Q S P CT and w G Xq ^ ds we denote the natural inclusion map £ 2 (Q, u>) — > 
£ 2 by iQ jW ; its adjoint pi'g w :£ 2 — > £ 2 (Q,Cl>) is the natural projection map. If 
99 € £ 2 , we denote its component prg ^ip £ £, 2 (Q : lu) by tp(Q : u> : ■). Thus, 

II* = E E [W:W%] [ \MQ:u;:v)\\ 2 dn Q . 

It follows from Theorem 19.51 that the Fourier transform / of an element / 6 
C C °°(X) K belongs to £ 2 . Moreover, 

||/IU'(x) = |l/V- 

Theorem 9.6 The map f t— > / /ias a unique extension to a continuous linear 
map L 2 (X) — > £ 2 . The map $ is isometric and intertwines the G -representations 
(L. L 2 (X)) and (tt,£ 2 ). 

Proof: The first two assertions are obvious from the discussion preceding the 
theorem. It remains to prove the intertwining property. Fix Q 6 P CT and 
uj £ Xq # ds ; then it suffices to prove that Jq,^: = prg ^ intertwines L with 
kq^- We will do this in a number of steps. For convenience, we write £ = 

Lemma 9.7 Let / € C C °°(X). 

(a) IfkeK, then 3Q,u>{Lkf) = ^Q^ik^Q.^f- 

(b) IfueU(o), then 

(Z Q ,ULuf) I ¥>} = (Sq iW (/) I <u) V ) (9.5) 
/or aZZ ip e £ 2 (Q,w)°°. 
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Proof: We first assume that / is X-finite. Assertion (a) is an immediate 
consequence of the if-equivariance asserted in Lemma IT~?I 

In view of Lemma \H. 61 it suffices to prove assertion (b) for ip S £q(<3, oS), In 
view of Lemma 18.31 we may as weii assume that u = l£§. Then the expression 
on the left-hand side of l|9.5[) equals 



The integrand is continuous and compactly supported as a function of v. By 
the g-equivariance asserted in Lemma 17.21 and unitarity of the representations 
■kq^^v for all v £ iOq , we see that the integral equals 



see also Lemma I5~3"l The expression on the right-hand side of the latter equality 
equals the one on the right-hand side of Ij9.5|l . This establishes the result for / 
in the dense subspace C^°(K)k of C^°(X). The idea is to extend the result by 
an argument involving continuity. 

For assertion (a) we proceed as follows. Fix k e K. Then the map / i— ► 
Lkf is continuous from C^°(X) to L 2 (X). Since Tq^ is continuous L 2 (X) — > 
£ 2 (Q, oj) , by the first part of the proof of Theorem l9.6l whereas vtq ^ is a unitary 
representation, it follows that both / h- > Tq^L^J and / i— * 7Tq w (A;) J-q u>f are 
continuous maps from C£°(X) to 2?{Q,tS). Hence, (a) follows by continuity and 
density. 

Finally, for the proof of (b) we fix u 6 U(g) and ip € £ 2 (Q, Then the 
map / i— > L u f is continuous from C£°(X) to L 2 (X), whereas Tq^ is continuous 
from i 2 (X) to £ 2 (Q,lj) as said above. It follows that the inner product on 
the left-hand side of Ij9.5|l depends continuous linearly on / G C£°(X). Since 
TTQ tU1 (u)ifi is a fixed element of £, 2 (Q,uj), the same holds for the inner product 
on the right-hand side of i|9.5[l . Thus, (b) follows by continuity and density from 
the similar statement for if-finite functions. □ 



for all ieG. 

Proof: By Lemma l9~7l fa) it suffices to prove the identity for x in the connected 
component of G containing e. Hence it suffices to establish the identity for 
x 6 exp(fl). Write tt — ttq m and fix X e g. Then it suffices to show that 





</(Q :£:!/) I [/ ® nQ,t,- v (X)]<P(v)) ^qM 




Lemma 9.8 Let f e C C °°(X). Then 
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n(exptX) 1 5 r Q, w (icxptJf/) is a constant function of t £ R with value $Q : u>{f)- 
For this it suffices to show that, for every <p £ £, 2 (Q,oj)°°, the function 

{■n{exptXy 1 $Q. bJ (L C K Vtx f) \ <p) 

is differentiable with derivative zero. We observe that 

= (S"Q, w (£expiJs:/) 1 7r(expiX)v3). 

The L 2 (X)-valued function t i— > L cxpt xf is C 1 on R, with derivative i i— ► 
LxL eyi ptxf- Moreover, since 95 is a smooth vector, the £ 2 (Q, w)-valued function 
i 1 ► ir(exptX)ip is also C 1 on R, with derivative i 1— > ir(X)ir(exptX). By conti- 
nuity of $Q, U and the inner product on £ 2 (Q,uj), it follows that $(t) is C 1 with 
derivative given by 

$'(*) - (ZQ,u(LxL cxpt xf) I ^(expiXV) + (y Q , w (£ CX p t x/) 1 7r(X)7r(exp tX)<p). 

The latter expression equals zero by Lemma 19.71 (b), applied with L expt xf and 
Tr(exptX)ip in place of / and <p, respectively. □ 

End of proof of Theorem 19 .(it In the beginning of the proof of the 
theorem, we established that Tq^ is a continuous linear map from L 2 (K) to 
£ 2 (Q, w). By density of C%°(X)k in L 2 (X) and continuity of the representations 
L and ttq^, the G-equivariance of 3q, w follows from Lemma 1531 □ 

Let Q e P CT and let 1? C K be a finite subset. We recall from [El, Thm. 23.4, 
that the spherical Fourier transform Tq associated with t = r#, originally 
defined as a continuous linear map C(X : t#) — * S(i(Xq^)®Ai^q(t^), has a unique 
extension to a continuous linear map L 2 (X : r$) — > L 2 (ia*Q q )®A2,Q{T$)i denoted 
by the same symbol. For application in the next section, we state the relation 
between the extended spherical Fourier transform Tq and 5 in a lemma. Let prg 
denote the projection operator £ 2 — > £ 2 (<3) associated with the decomposition 
J53J|. 

Lemma 9.9 Let Q £ P CT and let d £ K be a finite subset. Let f £ L 2 (X)$ 
and let F = £ L 2 (X: t#) fee t/ie associated spherical function, see Lemma 

[3^1 Then 

T Q F{v) = * Q j{vT Q o%f{v)), (9.6) 
/or almost all v £ idg q . -ffere ^q.a is the isometry of Lemma \9.Sl 

Proof: For / £ C C °°(X)^ we have pr Q o#/(z/) = f(Q: ■ : v), so that (I53fl 
follows from l|9.2[l and the definition of ^q,$ before Lemma 19.31 The general 
result follows from this by density of C^°(X)^ in L 2 (X)$ and continuity of the 
maps Fqbss and (I <g) <J>q,,j) opr Q from L 2 (X)^ to L 2 (iag q ) <g> -42,q(t#), see 
P) . Thm. 23.4, and Lemmas 1331 1531 and Theorem 1531 " □ 
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10 The Plancherel decomposition 



Our goal in this section is to establish the Plancherel decomposition. For this 
we need to characterize the image of the transform J, defined in the previous 
section. To achieve this we shall first decompose J into pieces corresponding 
with the parabolic subgroups from P CT . 

Let Q € P CT . For i? C K a finite subset, we defined in text before 
Thm. 23.1 a subspace Cq(X: t$) of C(X: t#), as the image of the wave packet 
transform Jq. In text before Cor. 23.3, we defined Lq(X : t$) as the closure 
of Cq(X: t#) in L 2 (X: t$). Accordingly, we denote by Lq(X)$ the canonical 
image of Lq(X: t$) in L 2 (X)$, cf. Lemma [3.41 Finally, we denote by Lq(X) 
the -L 2 -closure of the union of such spaces for all fl. Then it follows from |12| . 
Cor. 23.3, that 

i 2 (X) = ® QePff L Q (X), (10.1) 
with orthogonal X-invariant direct summands. 

Lemma 10.1 Let Q G P CT . The space Lq(X) is G-invariant. Moreover, $ 
maps Lq(X) into £ 2 (Q). 

Proof: We shall first prove the second assertion. Fix P 6 P CT , P / Q and 
assume that i9 C K is a finite subset. Then it follows from [^, Cor. 23.3 and 
Thm. 23.4 (c), that Tp = on Lq(X: t$). In view of Lemma f9. 91 this implies 
that pr P o3"(/) = for every / e Lq(X)$; here pr P denotes the orthogonal 
projection £ 2 — > £ 2 (P). By density of Lq(X)k in £q(X) and continuity of 
the map pr P og: L 2 (X) — > £ 2 (P), see Theorem 19.61 it follows that pr P o$ van- 
ishes on Lq(X), for every P 6 P CT \ {Q}. The second assertion now follows by 
orthogonality of the decomposition l|9.4l) . 

Since 5" is an isometry, its adjoint J* is surjective from £ 2 onto L 2 (X). 
Moreover, since $ is compatible with the decompositions (|10.1fl and (|9.4() . it 
follows by orthogonality of the mentioned decompositions that 

L Q (X)=r(£ 2 (Q))- 

By G-equivariance of 5 and unitarity of the representations L and 7r, the map 
J* is G-equivariant. If follows that Lq(X) is G-invariant. □ 

We denote by $q the restriction of 3" to Lq(X), viewed as a map into £ 2 (Q). 

Corollary 10.2 The map $ is the direct sum of the maps 3q, for Q £ P CT . 

If Ti. is a Hilbert space, we denote by End(7i) the space of continuous linear 
endomorphisms of TL, equipped with the operator norm. By U(7i) we denote the 
subspace of unitary endomorphisms. If P 6 V a , we define W(ap q ) = W(ap q | 
a Pq ) as in [E], § 3. Then by |T2], Cor. 3.5, 

W(a Pq ) ~ Wp/Wp. (10.2) 
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Proposition 10.3 For each s £ W(aQ q ) there exists a measurable map £q, s : iaQ 
End(j5(Q)), which is almost everywhere uniquely determined, such that v i— > 
II^Q,s(^)|| is essentially bounded, and such that for every f £ C^X), 

$ Q f{sv) = <L Q , s {v)$ Q f{v), (10.3) 

for almost all v £ ^ a Q q - F° r almost every v £ ^ a Q q th e map &Q,s{v) is unitary. 
Moreover, for all s,t £ W(dQ q ), 

<L QiSt {v) = <L Q , s {ty)o<L Q ,t{y)- (10.4) 
In particular, Cq.i(^) = / and £q s (^) _1 = (Cq s -i (sj/), /or a/Z s £ VF(aQ q ). 

For Q minimal this result is part of Prop. 18.6 in 8 . In the present more 
general setting, we initially reason in a similar way. For f2 C *cig q a measurable 
subset, we denote by £q(Q) the closed G- invariant subspace of £ 2 (Q) consisting 
of square integrable functions i&Q q — > £>(Q) that vanish almost everywhere 
outside ft. The orthogonal projection onto this subspace is denoted by <p i— ► (fQ. 

The uniqueness statement of Proposition 110.31 follows from the following 
lemma, which generalizes [S], Lemma 18.7. We denote by Q-Q q s the collection of 
elements H £ cig q whose parabolic equivalence class relative to (a*, S) is open 
in ag q . The set aQ° s consists of finitely many connected components, called 
chambers. The group W(aQ q ) acts freely, but in general not transitively, on the 
collection of chambers; therefore, there exists an open and closed fundamental 
domain for W(a,Q q ) in ag° g . 

Lemma 10.4 Let C i&Q q s be an open and closed fundamental domain for 
W(ciQ q ). Then f i— > (prQ : 8f)n maps C^°(X) onto a dense subspace o/£ 2 2 (Q), 
and C^°(X)i) onto a dense subspace of £^(Q),j, for every finite set t?Cif. 

Proof: The proof is similar to the proof of Lemma 18.7 of Fix a finite 
subset ■& C K; then it suffices to prove the statement about C^°(X)$, by density 
of the if- finite vectors. Let T £ £^(Q)^, and suppose that (piq^f \ T) = for 
all / £ C C °°(XV Then it suffices to show that T = 0. Put T{v) = T{u : v) 
with T(u>: v) £ Sj(Q,lu)$. Note that this sum is finite by Lemmas 19.11 and 19.21 
Let r = t&, then tpT{ui-.v) € ^2,q(t). We put 

¥(i/):=**(T(i/)) = ^ Vt (w: ,) eAoW' 

Note that for Q minimal, the constants d^ that occur in [8] are absent here, see 
Remark IP Let F £ C* C °°(X: r), and let / = F(-)(e), then / £ C* C °°(X)^ and 
F = see Lemma T3.4I Moreover, as in jS], proof of Lemma 18.7, 

(F Q F I *) = (f(Q) | T) = ( WQ $f | T) = 0. (10.5) 

Let the space [L 2 (ia* Q ^) ® A 2 ^q(t)} w ^^ be defined as in [T2]. text before 
Cor. 22.2. It follows from the definition of this space that the restriction map 
f >—> y|n is a bijection from it onto L 2 (f2) ® *42,q(t)- 
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The image of C C °°(X: r) under Tq is dense in the space {L 2 (ia* Qq )®A 2 ,Q(T)} w ( a ^\ 
by Thm. 23.4 (c). Combining this with (|10.5fl we see that VP is perpen- 
dicular to the mentioned space. Since '5 = outside f2, we infer that is 
perpendicular to L 2 (£l) <g) A2,q(t). We conclude that hence T, is zero. □ 

Proof of Proposition llOT3l We fix a finite subset $ C K and put r = t$. We 
will first prove that there exists a measurable map <£q, s ,,?: i a Q q — * End(ij((5)^), 
such that (|10.3fl is valid with £q, s ,# in place of <£q, s , for every / 6 C£°(X),j. We 
define 

Cq,mM = " C°q\q( s ■ v ) ° **, (10.6) 

where is the isometry from Sj(Q)# onto A2,q{t) defined in the text preceding 
Lemma l9~3l and where the C-function is defined as in |12|. Def. 17.6, with r = r$. 
We note that the End(j5(<2)$)-valued function Cq )S ,i9 is analytic on «dg q , by |12|. 
Cor. 18.6. It follows from Lemma l9~3l combined with the Maass-Selberg relations 
for the C-function, see Thm. 18.3, that £q, s ,i?(i / ) maps fi(Q)$ unitarily into 
itself, for v eiOn q . From l|10.6|l and 12 , Lemma 22.1 with P = R = Q, we 
deduce that 111). 41 is valid with everywhere the index r) added. 

In view of Lemma I1U.4I the function £q, s ^ is uniquely determined by the 
requirements in the beginning of this proof. If i?' C K is a second finite subset 
with ■d C let i,?'^ denote the inclusion map $j(Q)& — > £)(Q),?', and let pr^^/ 
denote the orthogonal projection $)(Q)$/ — > i5(Q)i?- Then it follows from the 
uniqueness that 

pr,^/ ° £q, s ,#' (f) oi^jfl = <£Q, s ,i?(f), 

for every i/ g iQQ q - By unitarity of the endomorphisms £q jSj ^(^) and <£q, S) #' (i') 
this implies that Sl ^>(u) leaves the subspace Sj(Q)& of $j(Q)®> invariant, and 
equals £q iSj ^(^) on it. Thus, we may define the endomorphism £q ,a{y) of f)(Q) 
by requiring it to be equal to £q. Si ^(i/) on t)(Q)-d, for every finite subset <Z K. 
The endomorphism defined depends measurably on v, has essentially bounded 
norm and satisfies (|10.3fl . We asserted already that it is uniquely determined 
by these properties, in view of Lemma 1 10. 41 The remaining asserted properties 
of <Lq iB (v) follow from the discussion above. □ 



Lemma 10.5 Let Q € Po- and let Q be an open and closed fundamental domain 
for the W(aQ q ) -action in iaq q s . Then the map f i— ► |T / ^(ctQ q )| 1 ^ 2 ( : S ; Q/)n defines 
an isometric isomorphism from Lq(X) onto £ 2 (Q)si, intertwining the restriction 
of L to Lg(X) with the direct integral representation 

ieXA !Ms / lv (g , w) <8 kq^-u [W:W%\dii Q {v). (10.7) 
J o 

ofG in £ 2 (Q)o- 

Proof: In view of Theorem 19.61 and Lemma 110.11 the map $q is an isome- 
try from Lq(X) into £ 2 (Q), intertwining the restriction of L to Lq(X) with 
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7Tq:= tt\s,2/q\. The map (f i— > cpn from £?{Q) to £?(Q)n intertwines ttq with 
the direct integral l|10.7|l . Thus, it remains to show that the map T: f i— > 
l^ / ( a Qq)| 1//2 (5 r Q/)n horn ig(X) to £ 2 (Q)o is isometric and onto. 

To establish the first property, we note that, for / £ Lq(X) and s G W(ciQq)) 

llffg/MII = \\tQAv)%Qf(y)\\ = ll&a/toll, 

for almost every ^ G *flQ q , by Proposition II (J. 31 Hence, 

II/II2 = Uf\\% = UQf\\%( Q) 

= f U Q f{v)\\ 2 [W:W* Q ]d^ Q { V ) 

= E / ii^/mii 2 [^^q]^qW 

= |W(0Qq)| / Hffg/Mir^W^d/xoCi/). 

It follows that T is an isometry. On the other hand, T has dense image in view 
of Corollary 1 10. 21 and Lemma \l 0.41 We conclude that T is surjective. □ 

We shall now investigate irreducibility and equivalence of the occurring rep- 
resentations 7TQ jWj „. 

Lemma 10.6 Let 7r 6 X^ s . Then 7r has a real infinitesimal Z(q)- character in 
the following sense. Let) be a Cartan subalgebra of q, W(j) the Weyl group of 
the root system of ) c in Q c . Let [A] G ')* Z /W(j) be the infinitesimal character 
of it. Then (A, a) is real for every a G S(j). 

Proof: Let b a ^-stable Cartan subspace of q, let £(b) be the root system of b 
in g c , W(b) the associated Weyl group and 1(b) the algebra of W / (b)-invariants 
in S(b), the symmetric algebra of b c . Let 7(,:B(X) — > 1(b) be the associated 
Harish- Chandra isomorphism. Let L 2 (X) 7r be defined as in 1|3.2[) with it in place 
of £. We may fix a non-zero simultanous eigenfunction / for H5(X) in [L 2 (X) 7r ] 00 . 
Let A £ b* be such that Df = j b (D: A)/ for D G B>(X). Then in particular, for 
each element Z of 3, the center of U(q), 

R z f = j b (Z: \)f. (10.8) 

On the other hand, Rzf — L^f may be expressed in terms of the infinitesimal 
character of n as follows. Let ) be a ^-stable Cartan subalgebra of g, containing 
b, let and W(j) be as in the lemma, and let J(j) denote the algebra of 
W^(j)-invariants in 5(j). We denote the canonical isomorphism 3 — > !()) by j-j. 
Let A G j c be as in the lemma, then 

Rzf = Lzf = r ,(Z: A)/ = 1 ,(Z: -A)/. (10.9) 

From <|10.8[l and (|10.9|) we obtain that 

T5(Z:-A)=<y*(Z: A), (Z G 3). (10.10) 
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Let [ be the centralizer of b in n, let S([ c , j) be the root system of j in tc, £+(l c , j) 
a choice of positive roots and 5i £ j* the associated half sum of the positive roots. 
By a standard computation in the universal enveloping algebra, involving the 
definitions of 7j and 7&, it follows that 71, (Z : A) = 7j (Z : A — Si), for all Z 6 3- 
Combining this with (|1L).1U|) we obtain that —A and A — <5[ are M / (j)-conjugate. 

Now (A, a) is real, for each a 6 S(b), by gS], see also H2], Thm. 16.1. It 
readily follows that A is real. □ 

The following result is due to F. Bruhat ^1] for minimal parabolic subgroups 
and to Harish-Chandra in general. A proof is essentially given in |23|. 

Theorem 10.7 For j = 1,2, let Pj — MjAjNj be a parabolic subgroup of G, 
with the indicated Langlands decomposition. Moreover, let & be an irreducible 
unitary representation of Mj with real infinitesimal character and let Vj € ia* be 
regular with respect to the roots of Oj in Pj . Let Ttj denote the unitarily induced 
representation Ind^. (£j (g> v$ (8> 1). 

(a) The representation nj is irreducible, for j = 1,2. 

(b) The representations 7Ti and 7T2 are equivalent if and only if the data (cij, Vj, 
for j = 1,2, are conjugate under K. The latter condition means that there 
exists k G K such that Ad(fc)di = 02, ^ioAd(fc) -1 = v<i and ^ ~ £2, 
where = ■ )k)\u 2 - 

Proof: Taking into account the actions of the centers of Mj and G, one readily 
checks that it suffices to prove this result for G connected semisimple and with 
finite center. Thus, let us assume this to be the case. 

Assertion (a) follows from Thm. 4.11. Thus, it remains to prove as- 
sertion (b). We first establish the 'if part. If in addition to the hypothesis, 
P2 = kPik^ 1 , then the equivalence of 7Ti,7T2 is a trivial consequence of conju- 
gating all induction data. Thus, by applying conjugation we may reduce to the 
case that ai = d2, v\ = V2 and £1 ~ £2- Then Pi and P2 have the same split 
component. It now follows from |22j . Prop. 8.5 (v), that there exists a unitary 
intertwining operator from m onto 772- Hence 7r% ^1^2- 

We shall now prove the 'only' if part. Assume that tt\ ~ 1^2- By conjugating 
all induction data of 7Ti with an element of K, we see that we may restrict 
ourselves to the situation that P\ and P2 contain a fixed minimal parabolic 
subgroup Po of G, with split component Aq. In particular, <Xj C cio for j = 1, 2. 
It now follows from j^S], P- 94, text under the heading 'Equivalence', that there 
exists a k 6 A^ao) such that Ad(fc)ai = a2 and v\ a Ad(fc) -1 = V2- Conjugating 
all data of %x with k we see that we may as well assume that ai = CI2 and 
v\ = v%. Moreover, applying [22j, Prop. 8.5 (v), as in the first part of this 
proof we see that in addition we may assume that P\ = Pi. We now claim that 
£1 ~ £2- This assertion is essentially proved in 123], proof of Thm. 4.11, but not 
explicitly stated as a result. We shall indicate how to modify the mentioned 
proof. We use the notation of In particular, £ 3 = °o~j . We follow the proof 
of |2S1) Thm. 4.11, after the heading 'equivalence', but with P\ = P2 = P and 
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v\ = V2 = v. From i^i,^) > it follows, by application of Thm. 4.10, 
that 

(M} 0) <g> {E°®E°')' <g> Ci)( p ® p ) 

has positive dimension. Now M± equals C°°(P), equipped with the left times 
right action of P (see Eqn. (2.6)). Hence the above space is naturally 
isomorphic with the space of diag(P x P)-invariants in (E^&E® )' which in 
turn is naturally isomorphic with HompfB^ , E®) = Homjyf (°<J2) It follows 
that the latter space is non-trivial, hence °o\ ~ °CT2, since the representations 
involved are irreducible. □ 



Proposition 10.8 For j = 1,2, let Q 3 G P CT , Uj G M£. H , Uj G ia*Q Cg q . Then 
the representations irj = •nQ i , Wj ,v j are irreducible. Moreover, they are equivalent 
if and only if Qi = Q2 and there exists s G W(aQ iq ) such that V2 — sv\ and 

Ll>2 = SWl. 

Proof: Put £j = and Q = Q\. There exists v G ®W, such that u>i belongs 
to the discrete series of Mq/Mq n vHv^ 1 . It follows from Lemma H . 61 that u>i 
has a real infinitesimal character for the center of [/(trig). A similar statement 
holds for Q2, 0J2- 

If a is a root of ciq in Q, then its restriction a q to dQ q belongs to S r (Q). 
Moreover, (a, v{) = (a| aQq , v\) ^ 0. Thus, it follows that v\ is regular with 
respect to the OQ-roots in Q. A similar statement holds for i>2- 

Thus, Theorem 1 10. 71 is applicable and we conclude that tti and TT2 are irre- 
ducible. 

Assume that m ~ 112 ■ Then by Theorem 110.71 (b) we conclude that there 
exists k G K such that Ad(fc)ai = CI2, ^ioAd(fc) -1 = v 2 and £f ~ £2- Since 
o~Vj = —fj, for j = 1, 2, it follows by application of a that also v\ o Ad(crfc) -1 = 
V2- We infer that Ad((CTfc) _1 fc) _1 * centralizes 1/1, hence belongs to the centralizer 
M\q of ciQq, by regularity of v\. The mentioned element therefore centralizes ciq, 
from which we see that Ad(fc) = Ad(erfc) on oq. This implies that a o Ad(fc) = 
Ad(fc)ocr on ciq, hence Ad(fc) maps dQ q onto aQ 2q . We conclude that Q\ and 
Q2 are associated, hence equal. Put Q = Qi = Qi- 

It follows from the above that Ad(k) normalizes aQ q . Hence, s: = Ad(fc)| 0Q 
belongs to W(dQq), see ^j, § 3. Finally, it follows that sv\ = V2 and s[£{\ = 

m = ia □ 



Theorem 10.9 Let, for each Q G P CT an open and closed fundamental domain 
D,q for the action of W(aQ q ) on *QQ q s be given. The Fourier transform J 
induces the following Plancherel decomposition of the regular representation L 
ofGmL 2 (X): 

r® 

i-®QeP„©ceXA, i(J / lv(.Q iU )® 1T Qw \WWq\~ 1 d »Q(")> ( 10 - n ) 

JQ.Q 
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and 



H/l| 2 = E E [ @ W$Qf f \W\\W Q \~ l d» Q {v), (10.12) 

for every f G L 2 (X). In particular, for each Q G P CT and every uj G Xq ^ ds , £/ie 
induced representation 7Tq jWj „ occurs with multiplicity rriQ^ — Ain\V(Q,uj), for 
almost every v G fig. 

Proof: The fact that ^ induces the isometric isomorphism of L with the direct 
integral as expressed by I|1U.11|) and (|10.12fl follows from Lemma 110.51 applied 
to — VIq in place of fl, combined with Corollary 110.21 and i|10.2fl . The occurring 
representations t^q^,v are all irreducible, by Proposition 110.81 It remains to 
exclude double occurrences. For j = 1, 2, let Qj G P CT , ujj G Mq, h , Uj G m^ 8 , 
and assume that ttq 1jW1iJ/1 ~ 7Tq 2 . W2 .„ 2 . Then it follows from Proposition 110.81 
that Qi = Qi. Moreover, there exists s G W(aQ iq ) such that (s^i,su;i) = 
(^2,^2)- Since Q,q 1 — Q,q 2 is a fundamental domain for the VF(oQ iq )-action, it 
follows that s = 1. □ 

We finish this section with a description of the image of the isometry 3": L 2 (K) - 

£ 2 . 

Lemma 10.10 Let Q G P CT and s G W(a.Q q ). Then for almost every v G «dg q , 
£/ie unitary endomorphism <Lq. s {v) of Sj(Q) maps the subspace fy(Q,uj) onto 
■f)(Q, soj), for uj G Xg t ds , intertwining the representations ttq^^ and "kq^.sv- 

Proof: Let s G W. We will first show that, for almost every v G i&Q q , the 
unitary endomorphism £q, s (^) of -f)(Q) intertwines the direct sum ttq^ of the 
representations 1 ® 7tq jWi _„, for uj G Xq # ds , with the similar direct sum 7TQ iS1 y 
of the representations 1 ® 7Tq iWj _ S! ,. Let fi be an open and closed fundamental 
domain for the M / (aQ q )-action on ia*Q q s ■ Then the map ^Qn- f >-» 5g(/)f2 is an 
equivariant isometry from Lg(X) onto £ 2 (Q)n, by Lemma fl 0.51 Similarly, the 
map s q is an intertwining isomorphism from Lq(X) onto £ 2 (Q) s n. Moreover, 
by (|10.3|) . for every / G Lq(X) we have 



•s 



i$Q s nf){v) = 3Qsnf{sv) = € Q ^{v)T Q nf{y), 



for almost every 1/ £ O. It follows that the map ip 1— > s* 1 [Cq jS (-)(^] is an 
equivariant isometry from £ 2 (Q)o onto £ 2 (Q) s n. Let x G G. Then 

s*7r Q (a:)s*^ 1 [e:Q iS (-)^] = Cq.sC-KoC 31 )^) 

for every <£> G £ 2 (Q). It follows that 

kq, sv {x)<Lq, s (v) = Cq^^ttq^^) (10.13) 

for almost every z/ G f2. Since was arbitrary, (|10. 13|> holds for almost every 
v G i^Qq- Select a countable dense subset Go of G. Then there exists a subset 
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A C ia*Q° s with complement of measure zero in ia*Q V such that £q jS (-) is 
represented by a function on A with values in \J(Sj(Q)), satisfying (|10.13|l for 
all x G Go and v G A. By continuity of €q^ s (v) and of the representations ttq^ 
and 7rQ )SJ/ , it follows that l|lU.13fl holds for all v G A and all i e G. In view of 
Theorem I1U.7I the representation 1 ® 7Tq :1 ^_ si/ , for <D G Xg ^ ds and s G .A, is 
not disjoint from 1 ® t^q.uj.-v, if and only if uj = sw. All assertions now follow 
for all v e A. □ 

It follows from the above result that for each s G W(dQ q ), we may define a 
unitary endomorphism Tq(s) of £ 2 (Q) by 

for (p G £ 2 (Q) and almost every v G *<JQ q - Moreover, the map Tq(s) intertwines 
ttq with itself. It follows from Proposition ll0.3l that s \— * Tq(s) defines a unitary 
representation of W^ciQq) in £ 2 (Q), commuting with the action of G. Accord- 
ingly, the associated space £, 2 (Q) w ^ aQ ^ of invariants is a closed G-invariant 
subspace of £ 2 (Q). 

Theorem 10.11 

(a) For each Q G P a , the image o/5q equals £ 2 (Q) w( - a ^\ 

(b) The image of the Fourier transform J is given by the following orthogonal 
direct sum 

im(S) = © QeP „ £?{Q) w{aQ t\ 

Proof: From Proposition lTTHl it follows that Sq maps into £ 2 (Q) w( - a ^\ Thus, 
for (a) it remains to prove the surjectivity. Let f2 be an open and closed fun- 
damental domain in ia-Q° g for the action of W(aQ q ). Then the map ip t— > tp\n 
is a bijection from £ 2 (Q) w '' 0Qci - ) onto £ 2 (Q)fi. The surjectivity now follows by 
application of Lemma 1 10. 51 

Finally, assertion (b) follows from (a) combined with Corollary 1 10. 21 □ 

11 H- fixed generalized vectors, final remarks 

In this section we compare our results with those obtained by P. Delorme in |2J . 
This comparison relies heavily on the automatic continuity theorem, due to W. 
Casselman and N.R. Wallach, see [H], Cor. 10.5 and 29 , Thm. 11.6.7. We 
shall therefore first recall this result. The group decomposes as G ~ °G x exp c p , 
where, as usual, °G denotes the intersection of all subgroups ker|x|, with \ a 
continuous homomorphism G — > R*, and where c p = center (g) np. Accordingly, 
we define the function || ■ || : G — > ] 0, oo [ by 

||zexptf|| = ||Ad(x)|| ope l ff l, (11.1) 
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for x G °G and H G c p ; here || • || op denotes the operator norm on End(g). Let 
a p be a maximal abelian subspace of p containing a q , and let S(a p ) be the root 
system of a p in g. Then one readily checks that 

||fciaM = max a Q , ( n - 2 ) 

a£E(o p ) 

for ki, fc 2 G K and a G A p n °G. In particular, it follows that || • || > 1 on G. 
Note that it follows from and (|11.2|) that 

Ikll Hl^ll (xgG). (n.3) 

We recall from |22j, 11.5.1, that a smooth representation it of G in a Frechet 
space V is said to be of moderate growth if for each continuous seminorm s on 
V there exists a continuous seminorm p s on V and a constant d s G R such that 

s(tt(x)v) < \\x\\ d "p s (v), 

for all v G V and x G G. 

Theorem 11.1 (The automatic continuity theorem) Let (iTj,Vj), for j 
1.2. 6e smooth Frechet representations of G of moderate growth, such that 
the associated (g, K) -modules (Vj)k are finitely generated. Then every (g,K)- 
equivariant linear map (Vi)k ~> {Y^K extends (uniquely) to a continuous linear 
G-equivariant map V\ — * V^. Moreover, the image of the extension is a closed 
topological summand of V<i . 

Remark 11.2 A proof of this theorem, due to W. Casselman and N.R. Wal- 
lach, is given in ^S], Cor. 10.5 and in j^lj, Thm. 11.6.7, but for a somewhat 
different class of real reductive groups. In |T§]. §1, it is shown that the result is 
valid for groups of Harish-Chandra's class. 

For any function /: G — > C and any non-negative real number r > we 
define 

||/|| r :=sup \\x\\- r \f(x)\. (11.4) 

Moreover, we define G r (G) to be the space of continuous functions f:G^C 
with ||/||. r < oo. Then G r (G), equipped with the norm || • || r , is a Banach space. 

Lemma 11.3 For every g G G, both the left regular action L g and the right 
regular action R g leave the space C r (G) invariant; their restrictions to the men- 
tioned Banach space have operator norm at most \\g\\ r . 

Proof: For any function f:G - > C, we define / v : G -> C by / v (x) = fix- 1 ). 
It follows from (|11.3|) and i|11.4[l that / / v is an isometry from the Banach 
space G r (G) onto itself, intertwining R g with L g . Therefore, it suffices to prove 
the assertions for the left action. 

In view of l|ll.lfl it follows from the multiplicative property of the operator 
norm that ||gx|| > for all x,g G G. Applying this inequality to the 

definition of ||X s /|| r , for / G C r {G) and g G G, we see that L g acts on G r (G) 
with operator norm at most ||ff _1 || r - The lemma now follows by application of 

□ 
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We note that the left regular representation L of G in C r (G) is not continuous 
if G is not compact. In fact, in that case there exists a function / 6 C r (G) 
such that L g f has no limit for g — > e. However, L does induce a continuous 
representation in a subspace that we shall now introduce. 

We define G£°(G) to be the space of smooth functions /: G — > C with L u f € 
G r (G) for all u G U(g). If F C U(g) is a finite subset, we define the seminorm 
i/jr, r on G^°(G) by 

VF,r{f)' = max ll-ku/llr- 

We equip G£°(G) with the locally convex topology induced by the collection of 
seminorms vp,R, for F C i7(fl) finite. It is readily seen that the space G^°(G), 
thus topologized, is a Frechet space. 

Remark 11.4 The space G^°(G) has been introduced in p. 424, where it 
was denoted by j4 U mg,r(G). In the mentioned paper it is asserted that this space 
is a continuous G-module of moderate growth for the left action. The following 
result expresses that in fact this G-module is smooth. 

Proposition 11.5 Let r > 0. The space G^°(G) is left G -invariant. Moreover, 
the left regular representation L of G in G£°(G) is a smooth Frechet represen- 
tation of moderate growth. 

Proof: In 15 , § 1, the space An(G/H), for N 6 N, is defined as the analogue 
of C£°(G), with respect to the norm function g i— » Wgcr(g)^ 1 1| on G/H, in place of 
the norm function || • || on G. Proposition 1 11.51 is the analogue of |15j . Lemma 1. 
The proof of the mentioned lemma may be transferred to the present situation 
with obvious modifications. □ 

Corollary 11.6 Let r > 0. Every closed G-submodule ofC^°(G) is a smooth 
Frechet module of moderate growth. 

Proof: Immediate. See also [35], Lemma 11.5.2. □ 

Proposition 11.7 Let (tt, V) be a smooth Frechet representation of G of mod- 
erate growth, such that Vk is finitely generated. Let r > and let T: Vk — * 
G^°(G) be a (g, K)-equivariant linear map. The map T has a unique exten- 
sion to a continuous linear G-equivariant map V — > G^°(G). The image of this 
extension is closed. 

Proof: Let W be the closure of the image of T in G^°(G). Then W is a closed 
G-submodulc of G^°(G), hence a smooth Frechet module of moderate growth. 
Moreover, Wk = T{Vk) is finitely generated. By Theorem lll.il T has a unique 
extension to a continuous linear G-equivariant map T:V —> W. The image of 
this extension is closed and contains a dense subspace of W, hence equals W. □ 
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Lemma 11.8 Let r > 0. Then the space G£°(G) is right G-invariant. More- 
over, if y £ G, then the right regular action R y restricts to a continuous linear 
operator of C™ (G). 

Proof: It follows from Lemma 111.31 that R y is a continuous linear endomor- 
phism of C r (G) with operator norm at most ||y|| r . Since the action of R y on 
C°°(G) commutes with that of L u , for every u £ U(g), it readily follows that 
R y leaves the space (G) invariant and restricts to a continuous linear endo- 
morphism of it. □ 

Let r > 0. We define 

C r °°(X): = C r °°(G) n C(G/H), 
the space of right H-invariant functions in C£°(G). 

Lemma 11.9 Letr £ R. The space C^°(X) is a closed G-submodule ofC£°(G). 
In particular, it is a smooth Frechet G-module of moderate growth. 

Proof: For every h £ H, the map Rh — I restricts to a continuous linear 
operator of C^°(G), by Lemma Hi. 81 The space C^°(X) equals the intersection 
in G^°(G) of the kernels of the operators R h - J, for h £ H. Therefore, G°°(X) 
is closed. The remaining assertion follows by application of Corollarv lll.61 □ 

Remark 11.10 It follows from |3j, Cor. 12.2, that the space G^°(X) equals 
the space An(G/H), with N = 2r, defined in J^l, § 1; the definition in the last 
mentioned paper is given for N £ N, but makes sense for arbitrary real N > 0. 
Accordingly, Lemma Til. 91 is due to (TJ|; see loc. cit. Lemma 1. 

If V is a locally convex space, we denote its continuous linear dual by V. 
Unless otherwise specified, we equip it with the strong dual topology. 

Corollary 11.11 Let (jr, V) be a smooth Frechet representation of G of moder- 
ate growth, such that Vk is finitely generated. Let r £ R and let T: Vk —> (X) 
be a (2, K)-equivariant linear map. 

(a) The map T has a unique extension to a continuous linear G-equivariant 
mapf:V -fC~(X). 

(b) The linear functional ev e oT:«n Tv(e) has a unique extension to a con- 
tinuous linear functional t]t £ V. 

(c) The functional tjt is H -invariant and T may be represented as the gener- 
alized matrix coefficient map given by 

T(v)(x) = r,r{-K{x)- l v), (x £ G/H). 

Proof: From Proposition 111.71 it follows that T has a unique extension to a 
continuous linear G-equivariant map T: V — > C^°(G). The image of T is a closed 
subspace W of (G) which contains the image of T as a dense subspace. In 
view of Lemma 111. 91 it follows that W C C£°(X). The extended functional is 
given by t]t = ev e oT:v Tv(e). The assertions of (c) readily follow by G- 
equi variance. □ 
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Using the above result we shall be able to express our Eisenstein integrals as 
matrix coefficients of principal series representations. As a preparation we need 
to relate the function || ■ ||, defined in to the G — i^A q iJ-decomposition. 

Following 12 , Eqn. (10.1), we define the distance function ^x: G — > [0, oo [ by 

lx{kah) = | loga|, 

for k E K, a E A q and h E H. 

Lemma 11.12 There exists a constant s > .such that 

e lx{x) < \\x\\ s , (xEG). 

Proof: One readily sees that it suffices to prove this in case G = °G. Moreover, 
since the functions of x on both sides of the equality are left if-invariant, we may 
reduce to the case that G is connected and semisimple, with finite center. From 
Lemma 14.4, we deduce, using the equality \\x\\ = |ja; _1 ||, that ||a|| < \\ah\\ 
for all a E A q and h E H. Hence, by the G = KA q H decomposition, it suffices 
to prove the estimate 

e^<\\a\\ s (aEA q ), (11.5) 

for some s > independent of a. Let m be the minimal value of the continuous 
function max{a | a E E(a p )} on the unit sphere in a q . Then m > 0. Using 
H11.2|l we see that the estimate (111.5(1 holds for s > m _1 . □ 

Let Q E V a and £ E Xq „ ds be fixed throughout the rest of this section. 

Lemma 11.13 Let § C K be a finite subset, let ip E A2.q(t^)^ and let vq E 
a Qqc be a regular point for the Eisenstein integral E°(Q : ip : v). There exist an 
open neighborhood U of i>q and a constant r > such that v \— * E°{Q : tp : v) is 
a function on U with values in (X) ® . Moreover, the mentioned function 
is locally bounded. 

Proof: It follows from 12 , Prop. 13.14, combined with Lemma 111. 121 that 
there exist an open neighborhood Q of Vq and a polynomial function p E 
ns r (Q) (flQq)i such that the function v i— > p(v)E°{Q: v) is holomorphic on £1 
as a function with values in C^°(X) (g) Hohi(.A2,q(ti?), V^) and such that for 
every continuous seminorm \x on the latter tensor product space, the function 
v i ► n(p(v)E° (Q : v)) is a bounded on £1. 

Select an open neighborhood U of vq with compact closure contained in Q 
such that E°(Q:ip: •) is holomorphic on an open neighborhood of U. Then 
it follows by a straightforward application of Cauchy's integral formula in the 
variable v, see, e.g., 0], proof of Lemma 6.1, that for every continuous seminorm 
fi' on C^°(X) ® V,? the function v i-> [i'(E°(Q : ip : v)) is bounded on U. □ 

Lemma 11.14 Let v E ctg qc . The representation t^q.^.v of G in C°°(K : ^) is 
a smooth Frechet representation of moderate growth. Moreover, the associated 
(q, K)-module C°°{K : is finitely generated. 
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Proof: It follows from Remark |4 . 21 that V: = C°°(K : £), equipped with ttq^^, 
is the space of C°°-vectors for the Hilbert representation Indg(£ (g) v <8> 1). It 
now follows from Lemma 11.5.1, that V is a smooth Frechet G- module of 
moderate growth. The last assertion is well known, see also Proposition 15 . 1 1 for 
a stronger assertion. □ 

Proposition 11.15 Let v e ciQ qc \ UH(Q, £). 

(a) There exists a constant r£l such that Jq.^,u maps V(Q, S,)®C°°{K : {;)k 
into the space Cy°(X). 

(b) Let r 6 M. be a constant as in (a). The map Jq.^^v has a unique extension 
to a continuous linear map from V(Q,£) ® C°°{K: £) into Cy°(X). The 
extension intertwines the G -representations L ® nQ t £ t - v and L. 

Proof: Fix v as above. By Lemma [11.141 there exists a finite subset # C K 
such that C°°(K: generates C°°(K: £)k as the (g, K )-module associated 
with 7Tq. Let r e R be associated with d as in Lemma 111. 131 Then it 
follows from (|4~2U|) that Jq^ v maps V(Q,£) <g> C°°(K: into C* r °°(X). The 
map Jq,£, u is (fl, If) -equi variant, by Theorem 14.61 Since C°°(K: generates 
C°°(K: whereas C£°(X) is (q, K )-invariant, assertion (a) follows. 

Assume that r is a constant as in (a). Then it follows from Theorem 14 . 61 that 
the map Jq^,v is (fl, if)-equivariant. In view of Lemma 1 1 1 . 1 41 and assertion (a), 
we may apply Corollary II 1 .111 with T — Jq,£,u- Assertion (b) follows. □ 

If v S ag qc \ \JH(Q,£), we denote the continuous linear extension of Jq,£, v 
by the same symbol. We denote the conjugate of the topological linear dual of 
C°°(K: £) by C~°°(K: £). The G- representation on the latter space induced 
by dualization of tt^j,, is denoted by 7r7^. 

The sesquilinear pairing C°° (K : £) X C°° (K : f) -> C, given by (|4.5|l in- 
duces a continuous linear embedding C°°(K: £) C -00 ^: £), intertwining 
the representations 7r^,-p and '■ The latter may therefore be viewed as the 
continuous linear extension of tt^—p- Accordingly, we shall sometimes use the 
notation 7T£._ P for the representation 7r^~^°- 

We denote by V{Q,£) the conjugate space of V(Q,£), and define the linear 
map f(Q: £: v):V(Q,Q - C x I K ■ by 

(<p | j°(Q : £ : i/)(r?)> - Jg^fa ® ^)(e). (11.6) 

Then by Proposition 111.151 and Corollary 111.111 the image of j°(Q: £: v) is 
contained in the subspace of C~°°(K : £) consisting of iJ-invariants for the rep- 
resentation we agree to denote this subspace by C~°°(Q : £ : v) H . 

We may now represent the Eisenstein integral as a matrix coefficient. The 
following formula generalizes the similar formula for Q minimal, see 0, Eqn. 
(53). 
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Lemma 11.16 Let v E ctg qc \ UH(Q,£,), let d (Z K be a finite subset and let 
T = n®ipeV(Q,£)®C 00 (K:Z)v. Then 

E${Q : ipr '■ v)(x)(k) = ((p | nQ,(,i> (kx)j° (Q ■ £ : D)rf) (x E X, k £ K) . 

Proof: This follows from (|4.20|) and jll.6|> . by application of Corollary II 1.1 II 
(c). □ 

To identify our Eisenstein integral with the one introduced by P. Delorme 
in [T^l, we recall some results from JS], §2.4. 

For each v E ®W, we denote by V(Q,£,,v) the space of Mq n wifu -fixed 
elements in H^ 00 , the conjugate of the topological linear dual of The space 
V(Q, £, v ) is finite dimensional by [2, Lemma 3.3. We introduce the formal direct 
sum 

V(Q,0: = ® ve Q W V(Q,t,v). 

If u E C^° a (Q : £ : u) H , then on an open neighborhood of any v E Q W in K, the 
functional u may be represented by a unique continuous function with values in 
TCZ°° , via the sesquilinear pairing (|4.5|) . Its value ev„(u) in u is therefore a well 
defined element of V(Q, £,«)• See § 3.3, for details. The direct sum of the 
maps ev„, for v E ^W, is denoted by 

cv = ® veQw ev v : C-°°(Q: £: -> V(Q,0- 

We have the following result, due to [3] for minimal Q and to ^B] in general. 

Theorem 11.17 There exists a unique meromorphic function j(Q,£, ■) on 
a Qqr with values in Hom(V(Q, £), C~°°(K : £)) such that the following two con- 
ditions are fulfilled. 

(a) For regular values ofu, the image of j(Q : £ : v) is contained in C~°°(Q : £ : v 

(b) For regular values of is, we have evo j(Q : £ : v) = ^v(Q,£)- 

There exists a locally finite collection TL = TL{j, Q, £) of hyperplanes in OQ qc such 
that each v E flg qc \ UTi. is a regular value for j(Q : £ : • ) and t/ie associated 
map j(Q : £ : v) is surjective from V(Q, £) onto C~°°(Q : £ : i/) . 

Finally, each v E ciQ qc wra£/i Re ^ + pq stricly E r (Q) -anti- dominant is a 
regular value for j(Q: £,'■•)■ Moreover, for such v and every r\ E V(Q,£), the 
element j{Q: £: v)r] E C~°°(K: £) is representable by a continuous function 
u: K — > TCZ°° , m i/ie sense that 

(<P I j(Q : € : ^)r?> = / (*>(fc) I «(fc)> dfe, fo> E : £))• 

Proof: This follows from Q2], Prop. 2, Thm. 1 and Thm. 3. □ 
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The Eisenstein integrals of Delorme are built in terms of matrix coefficients 
coming from a subspace Vds(Q,0 of V(Q,£)> which is defined as follows, see 
|19| . §8.3. Let v € ®W. An element rj G V(Q,£, v) naturally determines the 
MQ-equivariant embedding t^:7i|° — ► C°°(Mq/Mq CwHv -1 ), given by 

L v (v)(m) = {£(m)~ 1 v | rj) (m G Mq). 

We denote by Vds(Q,£, v) the subspace of rj G V(Q,£) with the property that 
l v maps into L 2 (Mq/Mq D vHv^ 1 ) 00 . Note that for such r\ the map L v extends 
to a continuous linear map Ti^ — > L 2 (Xq jV ); see Lemma 1. Moreover, the 
map r/ *—>■ L n defines a linear isomorphism from Vd s (Q,^, u) onto V{Q 1 S >1 v), via 
which we shall identify. 

We define the subspace Vds(Q,0 of V(Q,£) as the direct sum of the spaces 
Vds(Q,£,,v), for v G ®W. Via the direct sum of the above isomorphisms, we 
obtain the natural isomorphism 

V ds (Q,0-V(Q,0- 
Accordingly, the map j° introduced in i|11.6[l may be viewed as a linear map 

j°(Q V ds (Q, £) -» C-°°(Q : £ : ,-)". 

defined for v G a Qqc \ UH(Q, £,)■ 

To relate this map with the map j(Q : £ : v) of Theorem 1 11. 171 we need stan- 
dard intertwining operators. We recall from [21] and ^B] that for a parabolic 
subgroup P G Va with split component equal to Aq, the standard intertwin- 
ing operator A(Q : P:£:v) between the representations irp,£,v and 7Tq on 
C°° (if : £) is given by an absolutely convergent integral for G &Q qc with 
(Rev — pQ , a) > for every a G E r (P)n£ r (Q), and allows a meromorphic con- 
tinuation in v. Its adjoint is a continuous linear endomorphism of C~°°(K : £), 
intertwining the representations ^q°^ v and t^~p^ v - It extends the standard inter- 
twining operator A(P : Q : £ : — P), and is therefore denoted by the same symbol. 
Thus, 

A(Q: P: f: i/)* = Q: f: -V). (11.7) 

We also recall that 

A(P: Q: £: v) ° A(Q : P : £ : i/) = r?(Q : P : £: ,nl r . h: , 

with rj(Q : P : £ : • ) a non-zero scalar meromorphic function on a* Pqc — ag qc . In 
particular, it follows that the standard intertwining operator is invertible for v 
in an open dense subset of Rg qc . 

Lemma 11.18 Let v G 0Q qc be such that Kev — pQ is strictly T, r (Q) -dominant. 
Then, for every r\ G V(Q,£) and ip G C°°(ii': £)if, and for each v G ^W, all 
m G Mq and all X G ag q , 

lira a^ v+PQ {ip\-KQf j} {ma t v)j(Q: £: v)rf) = (A(Q : Q: -v)<p(e) | £(m)?7„), 
where a t — exp t X. 



54 



Proof: The result is equivalent to Lemma 16 in [T^]. We refer to the proof 
given there. □ 



Theorem 11.19 Let r\ G Vds(Q>€)- Then j°(Q: £: -)f] is holomorphic as a 
function on QQ qc \ UW(Q,£), with values in C~°°(K: £). Moreover, 

J°(Q '. €:v)r) = A(Q: Q : : u) l j(Q : £ : v)r,, 

as an identity of meromorphic C~°°{K: £)-valued functions in v G a Q qc \ 
U7Y(Q,£). In particular, j°(Q: £: • )f] extends to a meromorphic C~°°(K: £)- 
valued function on ag qc . 

For the proof of this result we need the following lemma. 

Lemma 11.20 Let $ C K be a finite subset. There exists an open dense subset 
Q of the set of points v G <JQ qc with Rev strictly S r (Q) -dominant, such that 
the following holds. Let if} G A2,q{tq), v G ^W, m G Xg jt ,. + , X G dg q and put 
at = expiX, (t G R). Then, for every v G O, 

lim a;" +PQ E°(Q: ip : v)(ma t v) = (ip) v (m). 

t — >oo 

Proof: Let ui be the set of regular points for E°(Q: • ), and w + the subset of 
v G u> with Rei/ strictly E r ((5)-dominant. 

Fix a minimal parabolic group P from V G , contained in Q. Then, by |12|. 
Prop. 13.15, the family /: (v, x) h-> E°(Q: v. x)ip belongs to £q VP (X : r). More- 
over, for each u G A^^(a q ), the set of exponents Exp(P, u \ f v ) is contained in 
the collection W p \ Q {v + A(P|Q)) - p P - NA(P), for 

Fix v G uj+ and let £ be an exponent in Exp(Q,w | f v \ Then it follows 
by application of JT], Thm. 3.5, that £ = w(y + A)|„ Qq — pq — p, for certain 
w G VF p l Q , A G A(P|Q) and p G NA r (Q). It follows from the definitions 
preceding [T^j, Prop. 13.15, that wA G -R+A(P). Hence Re£(X) + p Q {X) < 
iuRe^(X), with equality if and only if wA| 0Qq = and p = 0. Now Rev is 
strictly E r (<5)-dominant and X G ag q , Hence, by a well known result on root 
systems, Rev(X) > Res^(X), for each s G W, with equality if and only if s 
centralizes ciQ q . Since W p ^ D PFq = {e}, we conclude that 

Re£(X) < (Re i/ 

for every exponent £ G Exp (Q,v | /„), different from v — pq. It follows that 

lim a t U+PQ fJmatv) = lim q„- PQ {Q,v I fv,tX)(m), (H-8) 

for every ^ G lo + for which the limit on the right-hand side exists. It follows 
from J2]> Def. 13.7and Prop. 13.6, that there exists a non-empty open subset 
O of ag qc such that 

Qv- PQ {Q,v | f u ,X)(m) = ip v (m) (11.9) 
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for all v 6 Oo, v G QcW, m G XQ >Vy+ and X 6 ag q . On the other hand, by 
Thm. 7.7, there exists an open dense subset Six of ttg qc such that the 
expression on the left-hand side of i|11.9[l depends holomorphically on v G 
for all v, m, X as above. By analytic continuation it follows that (|11.9|l is valid 
for v G Six- This implies that the limit on the right-hand side of (|11.8|l has the 
value ip v (to) , for every v G u + CiSIq. □ 

Proof of Theorem 111.191 Fix <p G C°°(K : £) K with ip(e) ^ and put 

T = r) ® ip. Select a finite subset d C K such that ^ G C°°(K: £)#. Then, 
in the notation of , -0T G A2(t$). Fix u G ^W. Then the preimage Mq Vi + of 
Xq„ i+ under the canonical map Mq — > Xq^ is open dense in Mq. Fix m G Mq 
and X G Og q . We agree to write a t — exptX. Let .4 be the open dense subset 
of cig qc \ UH(Q,£) consisting of points v where both intertwining operators 
v i— > A(Q : Q : £ : —v) are regular. By Lemma 111 .161 we may write, for v G A, 

E#(Q : ip T : v)(ma t v)(e) = 

= (<P I ^Q,£,D(ma t v)j°(Q : £ : v)) 

= (A(Q : Q : i : I : Q ■ £ ■ ")f(Q ■ £ : 

Replacing A if necessary, we may in addition assume that the conjugate A of A 
has empty intersection with the set LlTt, where TL = "H(j, Q, £) is as in Theorem 
111.171 with Q in place of Q. By the mentioned theorem it then follows, for 
v G A, that 

A(Q : Q : £ : i?)j°(Q : £ : *)»? = j(<5 : £ : *)»?(*)> (11.10) 

for n(i?) iGV(Q,f) given by r/(P) = evoA(Q: Q: f : P)j°(Q: f : Using 
Lemma 111. 181 we now conclude that, for z/ G A with Rez^ — strictly S r (Q)- 
dominant, 

lim a t ly+PQ E$(Q : : t , )(mati;)(e) 

£ — >oo 

= (cp(e) | £{m)ev v oA(Q: Q: £: v)f{Q : £ : P)ry) 

= ( v (e)\ V (D) v ). (11.11) 

In particular, this holds for v contained in the non-empty open set AnSl, with 
SI as in Lemma fl 1.201 For such v it follows by the mentioned lemma that the 
limit in l|ll.ll|) also equals (tpT)v{m) — (<p(e) \ £(m)r] v ) . We deduce that, for 
iy ^ Af) St, where the bar denotes conjugation, 

Me) | £(m) r,{ v ) v ) = (<p(e) | £(m)rfr,>, (11.12) 

for all m G Mq_ V:+ . By continuity and density it follows that the identity 111.121 
holds for all m G Mq. Since (p(e) G W|° \ {0}, it follows by irreducibility of the 
G-module that T]{v) v = r\ v , for all u G .A fl fi. This identity holds for every 
v G Q W, since the sets A and O are independent of the element v G Q W. 
Combining this with (|11.1U|) we deduce that, for every v G A fl SI, 

j°(Q : £: v)ri = A(Q: Q : £ : u) l j(Q : £ : v) n . (11.13) 
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Let f(v) denote the expression on the left-hand side and g{v) that on the right- 
hand side of the above equation. Then g is a meromorphic C~°°(K : £)-valued 
function on cig qc , by Theorem 1 1 1 . 1 71 and meromorphy of the intertwining op- 
erator. If (p £ C°°(K : £)k, then v i— > (f(v) \ip) is a holomorphic function of 
v £ ag qc \ UH(Q,£,), by Lemma Hi. 161 On the other hand, v ^ {g{v) \<p) is a 
meromorphic function on cIq c . By analytic continuation we deduce that 



as an identity of meromorphic functions in the variable v £ ciQ qc \ U7i(<2,£). 
From the holomorphy of the function on the left-hand side it follows that the 
function on the right-hand side is actually regular on ciQ qc \ UTt(Q, £), for every 
(f £ C~°°(K: £,)k- The latter space is dense in C°°(K: £) and v i— > gfiy) 
is a meromorphic C~°°(K : £)-valued function. It follows that g is regular on 



a* Qqc \UH(Q,£)- K now follows from l|11.14jl that the element f(u) £ C" 00 ^ : £) 
equals g(v), for every v £ a?, „ \ \JH{Q,^). This implies all assertions of the 



It follows from the above result that the distribution vector j°(Q : £ : v)r), de- 
fined for 77 £ Vds{Q,£,), coincides with the similarly denoted distribution vector 
defined in [7j, (3.13). 

Corollary 11.21 Let (t,V t ) be a finite dimensional unitary representation of 
K, let P £ V a and ip £ A%{P, t). Then the Eisenstein integral E°(P : tp : A), for 
A £ cip qc , coincides with the normalized Eisenstein integral E° (P, ip , —A) defined 
in \T%, § 5.1. 

Proof: By the functorial property of Lemma 14.51 which is satisfied by both 
Eisenstein integrals, it suffices to prove the result for r = t$, with d C K a 
finite subset. By linearity it suffices to prove the assertion for ip = ipn^f, where 
£ e x p.*.ds' V e Vds(P,€) and / £ C°°(K: The associated normalized 
Eisenstein integral is denoted E° (P, if> , v) in 02J, §5.1. It is represented as a 
matrix coefficient in |17| . Prop. 4. This representation coincides with the one 
given in Lemma Til. 161 □ 

It follows from the equality of the normalized Eisenstein integrals stated 
above, that the Plancherel theorems formulated in § 23, and Section HTH 
coincide with the ones of P. Delorme formulated in Sections 3.3 and 3.4. 
However, the chosen normalizations of measures are different, resulting in differ- 
ent constants. We shall finish this section by relating the various constants. The 
normalization of measures for the present paper is described in |12j. § 5. The 
normalization given in |21j. §0, follows essentially the same conventions of inter- 
dependence, with one crucial difference. A choice of invariant measure dx for X, 
determines the same choice of Haar measure da for A q in both papers. In our 
paper we fix the Lebesgue measure dX on ia q that makes the Euclidean Fourier 
transform an isometry from L 2 (A q , da) onto L 2 (ia q , \ W\ dX). On the other hand, 
in [21], §0, the convention is to fix the measure dX': = \ W\dX instead. 



(J{y)W) = W)W), 



(11.14) 



theorem. 



□ 
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If Q £ V a , the same convention applies to the normalizations of invariant 
measures dxQ :V on Xq : „, for v £ ^W, versus a choice of normalization of da,Q 
on the group *AQ q , which is 'the A q of (Mq, Mq DvHv -1 ).' This determines a 
normalization cZAq of Lebesgue measure on i *&Q q - The corresponding measure 
of [5T] is given by dX'g = \Wq \ cZAq. In both papers, one chooses the measure on 
iciQ q to be the quotient of the chosen measures on ia* and «*ag q . This results 
in a choice of Lebesgue measure d/j,Q on iaq q in the present paper. The similar 
measure d^Q in |2J is then given by d^Q = [W: Wq] dfiQ. For the constants in 
the Plancherel formula, see e.g. \T2\, Thm. 23.1 (d), this means that [W: Wq} 
should be replaced by 

[W-.WqY^W-.W^] = [W^-.Wq]- 1 = \W(a Qq )\-\ 

The latter is indeed the constant occurring in, e.g., [21], Thm. 3 (iii). 
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